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A turnpike theorem for a non-stationary Gale economy
with limit technology. A particular case'

Emil Panek®

Abstract: This paper is a continuation of the work by Panek [2013a], [2013b] and
Panek and Runka [2011], with direct reference to [2013b]. The difference between this
paper and paper [2013b] reveals when applying a different optimality criterion with
the help of which growth processes are assessed. The optimality criterion in [2013b] is
the value of production in the last period of a fixed planning horizon T' = {0, 1, ..., t,}
measured in von Neumann equilibrium prices. In this paper we take the total value of
output (also measured in von Neumann prices) produced in the whole horizon T as
a growth criterion. The aim of the paper is to prove that a change of growth criterion
does not deprive the economy of its turnpike properties. It was pointed out that a Gale
economy with a changeable technology convergent to the limit technology also pre-
serves similar properties if we accept the social utility function (with standard prop-
erties) as a growth criterion.

The paper consists of three sections. In Section 1 we present a non-stationary Gale-
type model with a limit technology. Section 2 contains proof of the so-called ‘weak’
turnpike theorem, whilst in Section 3 we prove a ‘strong’ version of the turnpike the-
orem for the economy under investigation. The paper closes with final comments.

Keywords: non-stationary Gale economy, limit technology, von Neumann equilib-
rium, turnpike.

JEL codes: C10.

1. A model of non-stationary Gale economy with limit
technology

The model that we shall consider has been presented in detail in Panek [2013b].
Here we give a brief description of the facts that are necessary for understand-
ing of what follows.

! Article received 10 December 2014, accepted 15 September 2015.
2 Poznani University of Economics, Department of Mathematical Economics, al. Nie-
podlegtosci 10, 61-875 Poznan, Poland, emil.panek@ue.poznan.pl.
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The economy we consider works in (discrete) time periods t = 0, 1, 2, ...
producing and/or utilizing n goods. By x(t) = (x,(t), ..., x,(t)) = 0 we denote
an input vector in period ¢, by y(t) = (y,(t), ..., y (t)) = 0 we denote an output
vector in period t. A pair (x(¢), y(¢)) is said to describe a (technologically) fea-
sible production process in period t. The set of all feasible production processes
is denoted by Z(t) and it is called a production space in period t. Production
spaces are defined for all integers ¢ > 0 and are assumed to meet the following
conditions, see Panek [2003; Ch. 5], Panek [2013b; Sect. 1]:

(G1) V(x,y) € Z(t) VA =2 0 (A(x, y) € Z(1)).

(G2) V(x, y), i=1,2 ((x" + x% y' +y*) € Z(1)).

(G3) V(x,y) € Z(t) (x=0=y =0).

(G4) V(x,y) € Z(t) (x' =2 x = (x, y) € Z(1)).

(G5) V(x,y) € Z(H) (0 y' Sy = (x,y) € Z(1)).

(G6) Z(t) is a closed subset of R*".

(G7) Z(t) < Z(t + 1) < Z, where Z is the smallest closed subset of R*" contain-

ing all production spaces Z(t) such that the conditions (G1)-(G6) are satisfied
for Z (with Z in place of Z(t)).

Production spaces satisfying the conditions (G1)-(G6) are called Gale’s
production spaces. The inclusion (x, y) € Z(t) (equivalently (x(¢), y(t) € Z(¢)))
means that it is possible to produce output y from input x in period t. The set
Z < R” mentioned in condition (G7) is called the limit technology. An economy
whose production spaces Z, Z(t), t =0, 1, 2, ..., fulfill the conditions (G1)-(G7)
is called a non-stationary Gale economy with limit technology.

) Theorem 1. If production spaces meet conditions (G1)-(G7), then

(x,y)e Z < 3(x(t), y(t)) € Z(t), t =0, 1,...(li{n(x(t), ) =(x, y)).

Proof. See Panek [2013b; Theorem 1]. B
Let us fix a production process (x, y) # 0. Then, according to (G3), x # 0.
The number

a(x, y) = max{a|ax < y}

is called the technological efficiency rate of the feasible production process
(x, ¥). The function « is continuous and positively homogenous of degree 0
in Z\{0} (and in Z(t)\{0}), see Panek [2003; Ch. 5, Theorem 5.2]. The number

Xy, = (x,ry?g(o a(x,y) (1)

(x,y)#0
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is called an optimal technological efficiency rate in a non-stationary Gale econ-
omy in period t, and the number

®y = (ggza(x, y) (2)

(x,y)#0

is called an optimal technological efficiency rate in a non-stationary Gale econ-
omy with limit technology.
U Theorem 2. Under assumptions (G1)-(G7):

(i) VtEI(a_c(t)j(t))eZ(t) (x(t) y(t))— Jmax a(x, y)=ay, |,

eZ(t)
(xy)¢0

(f 7)eZ oc(f,i)zmaxoc(xy) x|,

(x,y)eZ
(x,y)#0

i) Vt(a,,, <@, <a,)

Proof. See Panek [2013b; Theorem 2]. &

A pair of vectors (ﬁ_c(t),y(t)) satisfying the claim of Theorem 2 is said to be
an optimal production process in a non-stationary Gale economy in period t.
Similarly a pair (E, 7) is said to be a limit optimal production process in a non-
stationary Gale economy. In addition we assume:

(G8) 3(%,7) e Z(a(%, 7) =, A7 >0).

An economy satisfying property (G8) is called limit-regular. If a Gale econ-
omy meets (G8), then

(%, 7)e Z(a,x =y >0). (3)

Whenever we speak of a limit-regular Gale economy we mean an economy
for which condition (3) is met. Let us observe that if (J_C, 7) € Z is alimit opti-
mal production process satisfying the condition, then’

e ) (4)

3 Here and on: ||a|| = Zal.
i
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The vector s characterizes output and input structures in a limit optimal pro-
duction process (3_c, 7). The half-line

N ={A5]1>0}

is called a turnpike (or von Neumann’s ray) for a non-stationary Gale economy
with limit technology.

Letp=(p,,....p,) = 0 denote a vector of goods’ prices and let us fix a pro-
duction process (x, y) # 0. The number?

(p.y)
Blxyp) =221
(p.x)

(if defined) is called economic efficiency rate of the process (x, y) at prices p.
O Theorem 3. If a Gale economy is limit-regular, then

dp=0V (x,y)eZ(<1_),y>—ocM<1_),x>SO) (5)

and

ﬁ(f,y,]_)) = max ﬁ(x,y,f)) = (x(a?,_,f)) =,

(x,y)eZ
(x,y)#0

Proof. See Panek [2003; Ch. 5, Theorems 5.3, 5.4]. &

A process (J_C, 7) € Z and prices P are said to characterize a non-stationary
Gale economy with limit technology in a von Neumann equilibrium. In such
an equilibrium the economic efficiency rate and the greatest possible techno-
logical efficiency rate are equal. The prices are called von Neumann equilibrium
prices (in a non-stationary Gale economy with limit technology).

The next condition,

(G9) V(x,y)eZ\{O}(erN:>ﬂ(x,y,f)<ocM)

ensures that the production turnpike is unique - that is presented in the fol-
lowing theorem.

O Theorem 4. In a Gale economy satisfying conditions (G1)-(G9) there
a unique production turnpike exists.

Proof. The existence of a turnpike N is ensured by conditions (G1)-(G8).
Let us suppose that N'is a turnpike different from N. Then N N N'# & (since
if NN N'# &, then N = N'). By the definition of the turnpike N:

Ax,y eZ((x f:y>0/\é=?}
(F7)ez| e B

* (a, b) denotes the scalar product of vectors a, b € R* (a, b) = Za, b,
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Similarly for the turnpike N
3(x.y) eZ[ocME'z 7'>0A"%”=§'¢§}
$O

(P.7) =0y (P X). (*)

By (G9) we get

BE T P)= o <

ie. <§,7'> <a,, <§,7>, which contradicts with (*). The contradiction termi-
nates the proof. B

A next consequence of condition (G9) (and the other conditions) is pre-
sented in the theorem below (in literature it is known as Radner’s Lemma).

0] Theorem 5. If conditions (G1)-(G9) are satisfied, then

2£:>[3(x,y,1_>)= 21; i/; <a,—6,] (6)

Ve>0 38, >0V(x,y)e Z[

X _
T
[

Proof. See Radner [1961]; Takayama [1985; Ch. 7]; Panek [2003; Ch. 5,
Lemma 5.2]. &

Theorem 5 states that the economic efficiency rate and the technological ef-
ficiency rate are equal on the turnpike only. Off the turnpike, the economic ef-
ficiency rate is less than its maximal value, which applies only at the turnpike.

2. Dynamics. “Weak” turnpike effect in a non-stationary Gale
economy under a special growth condition

Let us fix any time period ¢, < +oo. The set T = {0, 1, ..., t } is called a horizon
(of the functioning) of the economy. The period ¢, is also the length of the

economy’s horizon T. Let (x(t), y(t)) € Z(t), t € T.In a Gale economy the next
period’s inputs originate from the directly preceding period:’

x(t+1) < (1), t=0,1,..,t -1,

> In this sense the economy is closed, see Gale [1956].
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which due to (G5) leads to:

(@), y(t + 1)) € Z(1), t=0,1,....t -1 (7)

Let us fix an initial output vector y°:

y(0) =y°=0. (8)
A sequence of output vectors { y(t)}f:0 satisfying conditions (7)-(8) is said
to be a ()’ t,) - feasible growth process in a non-stationary Gale economy. It
is clear that if conditions (G1)-(G6) hold, then Vy° > 0 Vt, < +oo exist there
(%", t,) - feasible growth processes.
In the work of Panek [2013b] we were interested in solving the follow-
ing dynamic programming problem - the maximization of value of the last
period’s ¢, output (at von Neumann prices):

max(f,y(tl)>
subject to: (7)-(8).
In the current paper we will deal with the properties of growth process-

es solving the problem of maximization of the value of output (again at von
Neumann prices) throughout the whole horizon T:°

maxZ(ﬁ,y(t)) )
subject to: (7)-(8). (10)

The problem has a solution which we denote by { y* (t)}?:o and call ( Yt ]_))
- the optimal growth process in a non-stationary Gale economy.

The last assumption essential for the proof of turnpike properties of opti-
mal growth processes in the light of the criterion (9) states that there a feasi-
ble growth process exists starting from the initial state (8) and reaching the
turnpike in a finite time:

(G10) There exists (y’, ) — feasible growth process { j/(t)}:zo, where f < ts
such that

a(5(0), y(E +1))=a,,’ (11)

® A similar problem in a non-stationary von Neumann economy was formulated and solved
in Panek [2013a].
7 The condition is not needed if the initial output 3° in (8) is positive.
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() Theorem 6 (A ,weak” turnpike theorem).

If in a non-stationary Gale economy with limit technology satisfying con-
ditions (G1)-(G10) the optimal turnpike growth rate a, meets the inequality
«, > 1, then for any £ > 0 there exists a natural number k such that the num-
ber of periods in which an (y°, t,,p) - optimal growth process { * (t)} sat-
isfies the inequality

(12)
||y*(t>||

TN R

is not greater than k . The number k. is independent of the horizon T length
Proof. Let us be given a (y°,t,, p) — optimal growth process { y (t)}
which is a solution of the problem (9)-(10). Then, according to (5), (7), (G7)

(Poy*(t+D)<ay (Py*(®)),  t=0,1,...t 1. (13)

Suppose that for an ¢ > 0 in periods 7, < 7,< ... <7, (0<7,<t,i=1,...,k)
condition (12) is satisfied. Then due to Theorem 5 (condition (6)):

(P y*(t+1)) <(ay, —8)(P y* (),  t=T,..., T, (14)

From (13) and (14) we obtain an upper bound for the criterion (9) (value
of production throughout the horizon T):

t

Y5y 0)<(7.5) Zdiﬂai‘ikz(%—i)ﬂ (15)

t=0

By (G10) thereisa period f <t ,anda (", f) - feasible growth process { y(t)}
such that oc(y(t) P(t + 1)) «,,. From the fact that( (), (£ + 1)) e Z(t +1), and
due to (11) and (G5)

(7, @, (D)) € Z(E +1),

which by Theorem 4 entails that y(f ) € N, and thus y(f ) = o5 for some 0> 0. By
the condition (G7) we geta ()°, t |) — feasible growth process { y(t)}

y(@t),  t=0,1,...,¢,
y(t) ={ o _
[

I
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and we can bound the growth criterion (9) below by:

> By 0)2C+o(B5) Y ol (16)

t=0 t=f+1

where C, —<1_) y°> z< D> y(t)> > 0. The constant C, is independent of £,. From
=1

(15) and (16) we obtaln the inequality:

h

) -k k
0<1_7,§> Z oc;;t<1_>,y°> Zajw +a§¢4’kZ(ocM—6€)T

t=f+1

hence
Za +al kZ(oc -4 ><< >> z ocH 0,
) t=f+1
and finally
ot kg & o o(ps)
a,, ocMM—1+(xM (), —96,) P >ocMM—1 <§,y0>'

Taking a sufficiently small §, > 0 for which it holds &, - 6, - 1 > 0, after simple
manipulations we arrive at the following condition:

Ve 2kl A _olps)
L2 (t,, k) +B(t,k)>C,=7——>0, (17)

where
-k _ oo, —8) (o, —1)| (a,, —8. ) —1
A(tl’k):W’ B(tl,k)z M M t_gz M I: M e :'
(y, -1 (o) =1)(ex,, =3, —1)
Due to the facts,
A(t,k)—0 as k—+o (t,>k)
and

Bt k) —0 as k—+o (f,2K),

we conclude that the number k in (17) is bounded. To be more specific a natu-
ral number ke exists (depending on ¢ but not on the horizon T = {0, 1, ..., tl}
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length) such that the number of periods k, for which the inequality (12) is sat-
isfied is not greater than k . M

3. “Very strong” turnpike effect

A simple consequence of the ,weak” turnpike theorem in a non-stationary Gale
economy with limit technology under the growth criterion (9) is Theorem 7.
[ Theorem 7 (A ,very strong” turnpike theorem).
If conditions (G1)-(G10) are satisfied and a ( .t 1_)) - optimal growth
process { y* (t)}?:0 reaches the turnpike N in a period f <f,, i.e.

ay*(E), y*(E+D) =0, (18)

then Vte{f+1,...,t1—1}(y*(t)eN).

Proof. By (18), y*(t) € N, i.e. y * (f) =075 for some o> 0. The optimal process
{ y* (t)}i;o meets the condition (13), hence

1y f 131

DBy @) =2(py )+ D (By*®)<

t=0 £=0 t=f+1
tl

<SPy )+o(p,3) Y« (19)

f
t=0 t=f+1

Assume that y*(7) ¢ N for some period 7 € {f +1,..,t = 1}, then, according
to Theorem 5 (condition (6)), there is §_> 0 such that

(Poy (@ +1) <(@y =8)(P,y* (7)),
which together with (19) leads to the inequality:

1

2(pyrm)< (ﬁy*(ﬂ%dﬁ?}(iajwf—asag]. (20)

i
t=0 t=0 t=f+1

i
t=

On the other hand, a process { j/(t)} 0 of form:

- t—f T

. yx(@), t=0,1,...,¢,
y(t)y=<"_
say ', t=f+1.,t,

8 This proof mimicks the proof of Theorem 2 in Panek and Runka [2011].
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is (%, t,) - feasible, so

> (py ()= 2<p yrO)+ Y By ()2

(p FO)=Y By ©)+o(.5) D @it (1)

t=f+1

1

t=

From (20) and (21) we obtain,

tzl (S(XTt Zat’

t=f+1 t=f+1

from which it follows that §_ < 0. The contradictions terminate the proof. B

Final comments
The results contained in Theorems 6 and similar ones contained in earlier pa-
pers, e.g. in Panek and Runka [2011], can be easily generalized. They are valid

also in the case where the growth criterion (9) is replaced with one of the fol-
lowing:

(D maleu(y(t)),

u: R — R. is an increasing continuous homogenous of degree 1 of the utility
function, positive on the turnpike such that for a positive number a it holds:,

Vy = O(u(y) < a(f),y)),
or
(11) max U ( y(0), (1), ..., y(t,)),

U the composition of an increasing continuous function g: R, — R! and the

4
linear function ﬁ,z y(t) ):

t=0

U(3(0),y(),..., y(t,)) = g(<ﬁ,z y(t)>}.
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In the literature devoted to research on the properties of optimal growth
processes in stationary versions of a Gale economy (under constant technolo-
gy) a ‘strong’ version of turnpike property (theorems) is also mentioned, which
is a kind of link between the weak and the very strong turnpike theorems. If
a strong turnpike property result holds in the model we presented needs to be
further investigated.
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