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Optimal growth processes in a non-stationary Gale 
economy with a multilane production turnpike1

Emil Panek 2

Abstract : The topic of the paper is relevant in the field of optimal growth theory and 
therefore might be seen as an intellectual underpinning for research and practice in the 
field of transition economies and sustainable long-time development as well. It refers 
to the papers Panek (2015a, 2018) devoted to asymptotic properties of optimal growth 
properties in the non-stationary Gale type economy with single and multi-lane turn-
pikes in which it was assumed that changing production technology converges in time 
with certain limits of technology. As far as the postulate of a non-stationary economy 
(here: technology change) is consistent with real processes, the hypothesis of the ex-
istence of some limiting technology may raise controversies and be difficult to verify.

In the paper, referring to the above mentioned publications and Panek (2014), 
a  Gale-type economy with changing technology, multi-lane turnpike and time-in-
creasing production efficiency, with no assumption concerning the existence of a limit 
technology will be examined.

Keywords : non-stationary Gale’s economy, von Neumann’s temporary equilibrium, 
multi-lane turnpike.

JEL codes : C6, O4.

Introduction

In mathematical economics a vast majority of the theorems focus on turnpike 
properties of optimal growth processes in stationary economies with constant 
technology and a single-lane turnpike.3 Attempts to prove the turnpike effect 

 1 Article received 15 February 2019, accepted 5 April 2019.
 2 Poznań University of Economics and Business, Faculty of Informatics and Electronic 

Economy, Department of Mathematical Economics, al. Niepodległości 10, 60-967 Poznań, 
Poland, emil.panek@ue.poznan.pl, ORCID: https://orcid.org/000-0002-7950-1689.

 3 See e.g. (Gale, 1967; Jensen, 2012; Khan & Piazza, 2011; Majumdar, 2009; Makarov 
& Rubinov, 1977; McKenzie, 1976, 2005; Mowszowicz, 1969; Nikaido, 1968, ch. 4; Panek, 2003, 
ch. 5, 6; Takayama, 1985, ch. 7).
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in non-stationary economies with changing technology are less frequent.4 
A general analysis of the results recognizing a non-stationary Gale economy 
with a multi-lane turnpike and limit technology is included in articles by Panek 
(2017, 2018). The explicit assumption of production technology converging to 
a hypothetical limit technology may raise some objections, not to mention the 
fact that it is difficult to verify this convergence empirically and thus it was re-
laxed in this paper. 

The rest of the paper is as follows. In sections 1 and 2 a non-stationary 
Gale-type model of the economy and define multilane production turnpike is 
presented. The main result of section 3 is a temporary von Neumann equilib-
rium theorem (Th. 1). In section 4 feasible and stationary growth processes in 
the economy are defined. Sections 5, 6 contain proofs of the so called “weak” 
(Th. 2) and “fast very strong” (Th. 3) turnpike theorems for the economy un-
der investigation. The paper closes with some final remarks.

1. The model. Basic assumptions

The basic version of the presented model was introduced in Panek (2014). 
It is assumed that time t is discrete, t = 0, 1, … . In the considered econo-
my there are n goods used up in production or produced in period t.  By 
x(t) = (x1(t), …, xn(t)) a vector of goods used in period t (input vector) is denoted 
while y(t) = (y1(t), …, yn(t)) stands for a vector of goods produced in period t 
(output vector).5 If production technology in the economy enables to produce 
an output vector y(t) from an input vector x(t), it is said that the pair (x(t), y(t)) 
is a feasible production process in period t. By Z(t) ⊂ R+

2n the set of all feasible 
production processes in t. So (x, y) ∈ Z(t) (or equivalently (x(t), y(t))∈ Z(t)) 
is denoted which means that in the economy in period t one can produce out-
put vector y from input vector x. The set Z(t) is called the production space 
(technology set) of the economy in period t. It is assumed that the production 
spaces Z(t), t = 0, 1, …, satisfy the following conditions:

(G1) ( )∀ ∈ ∀ ∈ ∀ ≥ + ∈1 1 2 2 1 1 2 2
1 2 1 2( , ) ( )  ( , ) ( )    , 0  ( , ) ( , ) ( )  x y Z t x y Z t λ λ λ x y λ x y Z t

(homogeneity and additivity of production processes).

(G2) ∀(x, y) ∈ Z(t) (x = 0 ⇒ y = 0) 

(no land-of-Cocaigne condition).

 4 See e.g. (Gantz, 1980; Joshi, 1997; Keeler, 1972; Panek, 2013,  2014,  2015a, b). They as-
sume,  that there exists a single-lane turnpike.

 5 Coordinates of vectors x(t), y(t) measure inputs and outputs, respectively, and are ex-
pressed in physical units (kilograms, liters, meters, units, etc.).
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(G3) ∀(x, y) ∈ Z(t) ∀x'  x ∀ 0  y'  y ((x', y' ) ∈ Z(t))6

(costless waste possibility).

(G4) Z(t) is a closed subset of R+
2n

(G5) Z(0) ≠ ∅ ∧ Z(t) ⊆ Z(t + 1)

(each production process (x, y) ∈ Z(t) feasible in period t is also feasible in 
the next period).

Production spaces which satisfy the above conditions are closed convex 
cones in R+

2n, with vertices at 0. If (x, y) ∈ Z(t) and (x, y) ≠ 0, then, according 
to (G2), x ≠ 0.

The paper is only interested in non-trivial (non-zero) processes, that is, in 
processes (x, y) ∈ Z(t)\{0}.

2. Technological and economic production efficiency. 
Multilane production turnpike

Let us fix a period t and a feasible process (x, y) ∈ Z(t)\{0}. A non-negative 
number

α(x, y) = max{α| αx  y}

is called the technological efficiency rate of the process (x, y) in period t. If con-
ditions (G1)-(G5) are satisfied, the function α(∙) is positively homogenous of 
degree zero on Z(t)\{0}. Moreover, there exists

 ( ), ( , ) ( )\{0}max ( , ) ( ), ( ) 0M t x y Z t xα α x y α t y t∈= = ≥ 7,  (1)

which is called the optimal efficiency rate in the non-stationary Gale economy 
in period t and, by (G5):

 αM, t + 1 ≥ αM, t. (2)

The process ( ), ( , ) ( )\{0}max ( , ) ( ), ( ) 0M t x y Z t xα α x y α t y t∈= = ≥ that satisfies condition (1) is called an optimal pro-
duction process in period t. Let us observe that any positive multiple of an op-
timal process ( ), ( , ) ( )\{0}max ( , ) ( ), ( ) 0M t x y Z t xα α x y α t y t∈= = ≥ is also an optimal process:

 6 If x, y ∈ Rn, then x  y means that ∀i(xi ≥ yi), in contrast to x ≥ y which means x  y and  
x ≠ y.

 7 See, for example, Takayama (1985, Th. 6.A.1).
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( ) ( )( )∀ > = = ,0 ( ), ( ) ( ), ( ) M tλ α x t y t α λx t λy t α .

To exclude the unrealistic case of zero optimal technological production ef-
ficiency in any period t it is assumed that:

(G6) ∃(x, y) ∈ Z(0)(y > 0)

(in the initial period t = 0 the economy has access to technology which ena-
bles any good i = 1, 2, …, n to be produced). With this assumption αM, 0 > 0 
due to (2), ensures that ∀ t ≥ 0 (αM, t > 0). By Zopt the set of all optimal produc-
tion processes in t is denoted:

},( ) ( , ) ( ) \ {0}| ( , ) 0opt M t∈ = >{Z t x y Z t= α x y α .

The sets Zopt(t), t = 0, 1, …, are convex cones in w R+
2n not containing 0.8 If 

},( ) ( , ) ( ) \ {0}| ( , ) 0opt M t∈ = >{Z t x y Z t= α x y α ∈ Zopt(t), then according to (G1) and (G3) also

( ) ( )∈ ∧ ∈, ,, ( ) , ( )M t opt M t optx α x Z t y α y Z t .

The vector =
( )( )
( )

y ts t
y t

 is said to characterize the production structure in an 

optimal process ( )∈( ), ( ) ( )optx t y t Z t .9 By S(t) the set of production structures 
in all optimal processes in period t is denoted:

( )
   = ∃ ∈ =      

( )( ) ( ) | ( ), ( ) ( ) ( )
( )opt

y tS t s t x t y t Z t s t
y t

.10

Assuming (G1)-(G6) sets S(t), t = 0, 1, …, are non-empty, compact and 
convex.11

Let us now consider any period t and an optimal production structure 
s = s(t) ∈ S(t). The ray

Ns
t = {λs|λ > 0} ⊂ R+

n

is called a single-lane production turnpike (von Neumann ray) in the non-sta-
tionary Gale economy starting from period t. The set

 8 The proof is as in Panek (2016, Th. 1).
 9 Here and on, if a ∈ R+

n, then 
=

=∑
1

n

i
i

a a .

 10 Equivalently, ( )
   = ∃ ∈ =      

( )( ) ( ) | ( ), ( ) ( ) ( )
( )opt

x tS t s t x t y t Z t s t
x t

.

 11 For a proof, see Panek (2016, Th. 2).
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= = > ∈{ }
( )

| 0,  ( )t t
s

s S t

N λs λ s S t
∈




is called a multi-lane production turnpike in the non-stationary Gale econo-
my starting from period t. Observe that if y ∈ t and λ > 0, then λy ∈ t. If 

y1, y 2 ∈ t, so = ∈
1

1
1

( )ys S t
y

 and = ∈
2

2
2

( )ys S t
y

. Suppose y = y1 + y 2. Then

1 2
1 2

1 21 2

y y ys
y y y

+
= = = +

+
λ s λ s ,

where 
1 2

1 2 1 21 2 1 2
0,   0,   1

y y
λ λ λ λ

y y y y
= > = > + =

+ +
. The set S(t) is convex, so 

s ∈ S(t), and y = y1 + y 2 ∈ t. Hence each multi-lane turnpike t is a convex 
cone in R+

n not containing 0.
 Lemma 1. If in the non-stationary Gale economy satisfying conditions 

(G1)-(G6), in some period t, the input structure 
x
x

 or production structure 
y
y

 in a process (x, y) ∈ Z(t)\{0} differ from the turnpike structure,

( ) ( )x yS t S t
x y
∉ ∨ ∉ ,

then the technological efficiency of such process is less than the optimal effi-
ciency rate:

α(x, y) < αM, t.

Proof. Panek (2018; Lemma 1).  
Equivalently, if in a process (x, y) ∈ Z(t)\{0} 

x(t) ∉ t ∨ y(t) ∉ t

(input x(t) or output y(t) vector is off the multi-lane turnpike t), so the tech-
nological efficiency of such a process is less than the optimal efficiency rate.

3. Von Neumann temporary equilibrium

Suppose p(t) = (p1(t), …, pn(t)) ≥ 0 is price vector of goods in economy in pe-
riod t and (x(t), y(t)) ∈ Z(t)\{0}. The non-negative number12

 12 Here and on: if a, b ∈ Rn, then 
1

,
n

i i
i

a b a b
=

=∑ .
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( ) ( ), ( )
( ), ( ), ( )

( ), ( )
p t y t

β x t y t p t
p t x t

=

(where ( ), ( ) 0p t x t ≠ ) is called the economic efficiency rate of the process 
(x(t), y(t)) (at prices p(t)). If a price vector ( ) 0p t ≥  and a production process 
( )( ), ( ) ( ) \ {0}x t y t Z t∈  exist such that

 , ( ) ( )M tα x t y t ,  (3)

 ∀ ∈ ≤( ),( , ) ( ) ( ), ( ),M tx y Z t t y α xp p t   (4)

and

 ( ), ( ) 0t y tp > ,  (5)

then the triplet ( ){ },  ,  ( ), ( ) ,   ( )M tα x t y tpt is said to be (characterize) temporary 
von Neumann equilibrium in the non-stationary Gale economy. The vector 

( )p t  is called a temporary von Neumann equilibrium price vector in period t. 
From (3)-(5) it is concluded that

( ) ,( ), ( ) 0M tα x t y t α= > ,

= = =( ) ( )( , ) ( )\{0} ,

( ), ( )
( ), ( ), ( ) max , , ( )

( ), ( ) x y Z t M t

p t y t
β x t y t t βp px y t α

t xp t ∈ .

In the temporary von Neumann equilibrium (in period t) the economy at-
tains not only the maximal technological efficiency rate ( ) ,( ), ( ) M tα x t y t α= , 
but also the maximal economic efficiency rate ( )( ), ( ), ( )β x y pt t t , which equals 
the technological efficiency rate αM, t

13. The following condition (G7) together 
with (G1) (G6), ensures the existence of temporary von Neumann equilibrium 
in the non-stationary Gale economy in each period t:

(G7) ), ,  ( , ) ( ) \ {0} ( , ) ( ), ( ),M t M tp p x∀ ∀ ∈ < ⇒ <(t x y Z t α x y α t y α t .

where ( )p t  satisfies condition (4).
Equivalently:

( ) ), ,  ( , ) ( ) \ {0} ( , ) , , ( )M t M tp α∀ ∀ ∈ < ⇒ <(t x y Z t α x y α β x y t ,

or

∀ ∀ ∈ = ⇒ =( )( ), ,  ( , ) ( ) \ {0} , , ( ) ( , )M t M tt x y Z t β x y t α αp x y α .

 13 In temporary von Neumann equilibrium in t, the economic efficiency and the technologi-
cal efficiency are equal and achieve their highest possible level (in a given period).
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The condition states that in the Gale economy any process not attaining the 
maximal technological efficiency rate cannot attain the maximal economic ef-
ficiency rate.
 Theorem 1. Under conditions (G1)-(G6) for each t = 0, 1, 2, …, there are 
prices ( )p t  ≥ 0 which satisfy (4). Moreover, if condition (G7) is fulfilled, then 
the triplet ( ){ }, ,  ( ), ( ) ,   ( )M tα x t y pt t , for any process ( )∈( ), ( ) ( )optx t y t Z t , is a tem-
porary von Neumann equilibrium (satisfies conditions (3)-(5)). The optimal 
process ( )∈( ), ( ) ( )optx t y t Z t as well as temporary equilibrium prices ( )p t  (t = 0, 1, …) 
are defined up to the structure.

Proof is the same the proof of Theorem 1 in Panek (2018)14.  

4. Feasible and stationary growth processes

Let us fix a set of time periods T = {0, 1, …, t1}, t1 < +∞. Named a horizon (of 
the economy). It is traditionally assumed that the economy is closed in the 
sense that the only source of inputs in the period t + 1 is the production (out-
put) from the previous period t:

x(t + 1)  y(t), t = 0, 1, …, t1 – 1,

which due to (G3) leads to condition:

 (y(t), y(t + 1)) ∈ Z(t + 1), t = 0, 1, …, t1 – 1.  (6)

Let y0 represent the production vector in period t = 0:

 y(0) = y0 ≥ 0.  (7)

Every sequence of production vectors { } 1

0
( ) t

t
y t

=
 satisfying conditions (6), 

(7) is called a (feasible) (y0, t1) – growth process (production trajectory) in the 
non-stationary Gale economy. The assumptions in this paper imply that such 
processes exist 0

10  y t∀ ≥ ∀ < +∞+ ∞.
The interest is in the economy in which each output vector ( )y t  of an opti-

mal production process ( )( ), ( ) ( )optx t y t Z t∈  in period ( )y t  < t1 is also input vec-
tor in some optimal production process x t y t Z t+ + ∈ +( )( 1), ( 1) ( 1)opt  in the 
consecutive period:

(G8) ( ) ( ) ( )1 ( ), ( ) ( )  ( 1), ( 1) ( 1) ( 1) ( )opt optt t x t y t Z t x t y t Z t x t y t∀ < ∀ ∈ ∃ + + ∈ + + =   

 ( ) ( ) ( )1 ( ), ( ) ( )  ( 1), ( 1) ( 1) ( 1) ( )opt optt t x t y t Z t x t y t Z t x t y t∀ < ∀ ∈ ∃ + + ∈ + + =  .

 14 After substituting ( , ) optyx Z∈  with ( )( ), ( ) ( )optt y Zx t t∈ , αM with αM, t and ( )p t with ( )p t .
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By (6) and (G8),

y t
y t1 , 1 1  ( ) ( )  ( ) ( ) ( ), ( 1) ( 1), ( 1)    ( ),    ,   ,  1 .

 
 ∀ < ∀ ∈ ∃ = ∧ + ∈ + + = = … −
 
 

α y t t t t( ) M tt t s t S t y t s t y t y t Z t y t +{ } 1

ˆ

( )
( )

t

t t=  

 
y t
y t1 , 1 1  ( ) ( )  ( ) ( ) ( ), ( 1) ( 1), ( 1)    ( ),    ,   ,  1 .

 
 ∀ < ∀ ∈ ∃ = ∧ + ∈ + + = = … −
 
 

α y t t t t( ) M tt t s t S t y t s t y t y t Z t y t +{ } 1

ˆ

( )
( )

t

t t=  (8)

If a sequence of production vectors { } 1( ) t

t = t
y t  satisfies condition (8), then

 , 1( )   1, ,( ),α tty t t
 

= +  =
 



1
M θ

= +
∏

t

θ t

y t  , 1( )   1, ,( ),α tty t t
 

= +  =
 



1
M θ

= +
∏

t

θ t

y t  .  (9)

Such a sequence is characterized by invariant production structure,

{ 1, ,   } .( )t t t s t const
 
 ∀ ∈ + … = = =
 
 

1
( ) ( )

(( ) )
y t y t
y t y t

,

therefore it can be stated that it is a (( )y t , t1) – stationary growth process (with 
constant production structure) at variable rate αM, t, t = ( )y t  + 1, …, t1. Each posi-
tive multiple of (( )y t , t1) – stationary growth process (9) and the sum two such 
processes is also (( )y t , t1) – a stationary process.

From (G8) S(t) ⊆ S(t + 1), i.e. t ⊆ t + 1, t = 0, 1, …, t1 – 1.15 is also obtained.
The set (bundle of turnpikes)

1
1

0

t
t t

t =

=


  .

is the greatest (‘widest’) multi-lane turnpike in the non-stationary Gale econ-
omy in horizon T. For ( )y t  = 0 each stationary process { } 1( ) t

t = 0
y t  of (9) satisfies 

the following condition:

α y0 0(0) (0)
  

∈ ∧∀ ∈ …  = ∈ ⊆…⊆      
   1

1 ,
1

{1, ,  }  ( )  
t

t
M θ

θ

y t t y t
=
∏ ,

so throughout all periods (starting from ( )y t  = 0) it belongs to the multi-lane 
turnpike 

1
1

0

t
t t

t =

=


 . For ( )y t  = 1, each stationary process { } 1( ) t

t = 1
y t  meets the following 

condition:

∈ ∧∀ ∈ …  = ∈ ⊆…⊆ 11 1(1) (1) t
  

     
  α y1 ,

2

{2, ,  }  ( )  
t

M θ
θ

y t t y t
=
∏ ,

 15 Due to technological development the number of von Neumann rays (‘fast lanes’) creat-
ing the multi-lane turnpike may increase.
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so it belongs to the multi-lane turnpike 
1

1

0

t
t t

t =

=


  starting from period t = 1. Generally 
each (( )y t , t1) – stationary process { } 1( ) t

t = t
y t  (( )y t  < t1) belongs to the multi-lane turn-

pike 
1

1

0

t
t t

t =

=


  from period ( )y t  till the end of the horizon T. On the multi-lane turnpike 
the economy achieves its highest growth rate in each period of the function-
ing horizon.

5. Optimal growth processes. “Weak” turnpike effect

Suppose u: Rn
+ → R1

+ denotes the utility function defined on production vectors 
in the last period of horizon T and fulfills the following conditions:
(G9) (i) u(∙)  is continuous, positively homogeneous of degree 1, concave and 

increasing,
(2i)  ( )1 1(1)0    ( ) ( ),na t s S u s a p t s+∃ > ∀ ∀ ∈ ≤  where 1( )p t  is a von Neu-

mann price vector in the final period t1, { }(1) | 1n nS s R s+ += ∈ = ,
(3i) ( )1( ) ( ) 0s S t u s∀ ∈ > .16

Condition (i) is standard, (2i) states that irrespective of the length of hori-
zon T the utility function may be approximated from above by a linear form 
with vector of coefficients a 1( )p t  proportional to a von Neumann price vector 
in the final period t1 of horizon T.

Let us consider the following final state optimization problem (utility maxi-
mization of production obtained in the last period t1 in horizon T):

max u (y (t1)) 
subject to (6), (7) 
(with fixed y 0).

Its solution is called a (y0, t1, u) – optimal growth process (production tra-
jectory) and denoted as { } 1

0
*( ) t

t
y t

=
. Under the above assumptions there exists 

a solution 0
1  0  y t∀ ≥ ∀ < +∞ (Panek, 2003, ch. 5, Th. 5.7).17

While proving turnpike theorems (Theorem 2 and 3) a significant role is 
played by the following lemma, which is a version Radner’s Lemma (1961) 
adapted to the specific character of the model of a non-stationary Gale economy.
 Lemma 2. If conditions (G1)-(G7) are satisfied, then

( )1

1 1 1 1, , 1 , ,  0  (0, )   ( , ) ( ) \ {0} : ( ,  ) ,  , , ( )t
ε t M t M t ε tε δ α t T x y Z t d x ε β x y t αp δ∀ > ∃ ∈ ∀ ∈ ∀ ∈ ≥ ⇒ ≤ − 

 ( )1

1 1 1 1, , 1 , ,  0  (0, )   ( , ) ( ) \ {0} : ( ,  ) ,  , , ( )t
ε t M t M t ε tε δ α t T x y Z t d x ε β x y t αp δ∀ > ∃ ∈ ∀ ∈ ∀ ∈ ≥ ⇒ ≤ −   (10)

 16 Conditions (i)-(3i) are satisfied e.g. by some utility functions of the CES class.
 17 In Panek (2003) the problem of maximizing production value in the last period T mea-

sured at von Neumann prices in Gale economy with time-invariant technology was discussed 
but the proof presented there is also applicable to an economy with changing technology and 
utility function (G9).
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where

 1

1΄  

΄( ,  ) inf
΄t

t

x

x xd x
x x∈

= −


   (11)

is the (angular) distance of a vector x from the multi-lane turnpike 
1

1

0

t
t t

t =

=


 .
Proof.18 If a process (x, y) ∈ Z(t) \ {0} fulfills the hypothesis then each process 
λ(x, y) with a λ > 0 fulfills it as well. Therefore while proving the lemma only 
consider feasible processes (x, y) from the set will be considered.

= ∈ = ∧ ≥{ }1( , ) |( ) ( ) 1 ( , )t
εV x y Z x dt t x ε .

The distance (11) can be expressed equivalently as:

1

1( )
( , ) inf ( , )t

s S t
d x f x s

∈
= ,

where 1
΄( , ) ,  ( )
΄

x xf x s s s S t
x x

= − = ∈ . As ( )0
1\ {0} ( )nf C R S t+∈ ×  and the set 

S(t1) is compact (see footnote 10), so

 
1

1 ( )
0  ( ) ( , ) inf ( , )

s S t
x s S t f x s f x s

∈

 ∀ ≥ ∃ ∈ = 
 

. (12)

Let us fix any t ∈ T and ε > 0. We shall demonstrate that the set Vε(t) is com-
pact (bounded and closed in R2n).

(Boundedness) Let us assume that (x i, y i) ∈ Vε(t), i = 1, 2, …, and 
( , )i i

i
x y →+∞. Since ( )  1 , theni i

i
i x y∀ = →+∞. So, following (G1),

( , ) , ( ),   1, 2,   , 0  and 1,
i i

i i i i
i i i

x yξ η Z t i ξ η
y y

 
 = ∈ = … → =
 
 

so there exists such a subsequence 1{ , } ,  that  ( lim , (0, ))j j j ji i i i
j j

ξ η ξ η η∞
= =  and 

1η = . Production space Z(t) is a closed subset of R2n
+ , so (0, 1η =) ∈ Z(t), which 

contradicts (G3). The contradiction leads to the conclusion that V(ε) is a bound-
ed set.

(Closedness) Suppose (x i, y i) ∈ Vε(t), i = 1, 2, …, and ( , ) ( , )i i

i
x xy y→ .  

So ( , ) ( , )i i

i
x xy y→  ∈∈ Z(t) and 1x = . We shall demonstrate that 1( , )td εx ≥ . Following 

(12)

1

1( ) 
  ( )  ( , ) inf ( , ) ( ,  )ti i i i i

s S t
i s S t f x s f x s d x

∈

 ∀ ∃ ∈ = = ≥ 
 

1 ε .

 18 The proof is based on the proof of Theorem 5 in Panek (2016).
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The set S(t1) is compact, so:

1 1 ( ) { }   ( ) ( , ) inf ( , ) ( ,   )j j j j j ji i i i i i
j s S ts s s S t f x s f x s d x= ∈∃ → ∈ ∧ = = ≥ )1

1

t
(∞

j
ε .

Then 1( , ) ( ,  )tf x s d x ε= ≥ . The set Vε(t) is thus closed in R2n
+ .

Condition (G5) entails in particular that Vε(t) ⊆ Vε(t + 1), t = 0, 1, …, t1 – 1. 
Then condition (G7) (due to Lemma 1) leads to

( )11 , 1( ) ( )( , ) )0 ,(,ε M tx y V t yt p xpα t∀ ∈ ≤ < ,

that is,

( )1( , ) ( ) (  , 0)ε px y V t t x∀ ∈ >

and therefore:

∀ ∈ ≤ = <( )
1

1
1 ,

1

( )
( )

,
( ,

(
) ( )  0 , ,

),ε M t

p
p

p
t y

x y V t β x y t α
t x

 
  
 

.

Function ( )1 ,    ( ),β p t⋅ ⋅  is continuous on a compact set Vε(t) (as a quotient of 
two linear functions with a non-zero function in denominator), so, according 
to the Weierstrass Theorem, a solution to the problem exists.

( )
1( )( , ) 1 , ,max ), , (

εx y V ε t tt Mβ x y t β αp∈ = < .

The inclusion Vε(t) ⊆ Vε(t + 1) results in

11 , , 1 ,0  {0, 1,  ,  1}( )ε t ε t M tε t t β β α+∀ > ∀ ∈ … − ≤ < .

Then

)1 1 1 1, , 1 , ,ε t M t ε M t ε t∃ ∈ ∀ ∈ ∀ ∈ ≤ −( )((0, )   ( , ) ( ) , , ( )δ α t T x y V β xt tpy α δ

(it is enough to assume 
1 1 1, , , 0ε t M t ε tδ α β= − > ) or equivalently:

 ∀ ∈ ≤ −( )1 11 , , 1(( , ) ( )  , ( )) ( ),ε M t ε tx y V t t y α δ xp p t . 

The lemma does not exclude a highly unrealistic case when for some ε > 0

1
1

,lim 0ε tt
δ = ,

that is when the economic efficiency of a production process over time con-
verges to the maximum rate, even though the input structure in the process 
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permanently differs from the optimal (turnpike) structure by ε. To eliminate 
such a situation it is assumed that

(G10) 1

1

,
1

,

0  0  ε t
ε ε

M t

δ
ε ν t ν

α

 
 ∀ > ∃ > ∀ ≥
 
 

.

According to Lemma 2, 
1 1, ,(0, )ε t M tδ α∈ , that is, νε ∈ (0, 1).

In previous papers devoted to the turnpike effect in non-stationary Gale 
economies it was emphasized how important regular technological develop-
ment for a stable economic growth is, which in Neumann-Gale-Leontief ’s mod-
els of economic dynamics is expressed by means of technological production 
efficiency of economy and is reflected by the attained growth rate, see (Panek, 
2015b). Now, along with the assumption of technology development (G5), 
which enables an increase in the technological efficiency rate, the following 
condition which eliminates rapid changes and fluctuations in technological 
production efficiency is also assumed and as a result, economic growth rate:

(G11) ρ ρ

 
 
 ∃ > ≥
 
 
 

,
1

,

0 lim

t

M θ
θ

tt
M t

α

α
=
∏

.

To explain meaning of the condition let us denote 
,

1

,

Γ

t

M θ
θ

t t
M t

α

α
==
∏

. As 

αM, t + 1 ≥ αM, t > 0 (see (2)), the sequence {Γt}
∞
t = 1 is non-increasing and bounded:

≥ = ⋅ ≥ ⋅ ⋅ = >, 1 , 2 , , 1 , 2 , , 1
1

, , , , 1 , 1 , 1 , 1

1 Γ Γ 0M M M t M M M t M t
t t

M t M t M t M t M t M t M t

α α α α α α α
α α α α α α α

+
+

+ + + +

  ,

thus it has a limit c  ≥ 0. (G11) requires c  ≥ ρ > 0. It will be demonstrated that 
with this condition the (non-decreasing) sequence , 0{ }M t tα ∞

=  is also bounded. 

Indeed suppose ,
,

,

M θ
θ t

M t

α
γ

α
= , 1 ≤ θ ≤ t. Then

, 1,
1

0 Γ
t

t θ t t
θ

γ γ
=

< = ≤∏  ,

because

, 1,{1, 2,  ,   1}(0 1)θ t θ tθ t γ γ +∀ ∈ … − < ≤ ≤ .
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Let us assume that {αM, t}
∞
t = 0 is unbounded, limt αM, t = +∞. Then limt γ1, t = 0, 

i.e. limtΓt = 0, despite (G11). So a non-decreasing and bounded sequence 
{αM, t}

∞
t = 0 has a limit:

 limt αM, t = αM < +∞.19  (13)

The condition (G11) is fulfilled when starting from a period t the economy 
achieves on a multi-lane turnpike the growth rate for example

, 0, 0,   (0,1)
tcq

M t Mα e α c q≥ > < ∈ 20

or ,ln M t t

M

α
cq

α
≥ . Indeed since

,
1 , ,

1 1, ,

lnΓ ln ln ln

t

M θ t t
θ M θ M θ

t t
θ θM t M t M

α
α α

α α α
=

= =

= = ≥
∏

∑ ∑ ,

so if ,ln M t t

M

α
cq

α
≥  then 

1

lnΓ
t

θ
t

θ

c q
=

≥ ∑  that is

1 1

lim ln Γ  lim
1

t
θ θ

tt t θ θ

cqc q c q
q

∞

= =

≥ = =
−∑∑ .

Therefore 1lnΓ Γ

t
θ

θt

c q

te e =
∑

= ≥ , and (since c < 0):

= ≥ = = ∈1 1limΓ (0,1)
θ

θ

cqc q
q

tt
c e e ρ

∞

= −
∑

.

The last condition that is needed while proving the ‘weak’ multi-lane turn-
pike theorem in a Gale non-stationary economy simply says that there is at least 
one feasible growth process leading to the multi-lane turnpike:
(G12) There is a (y0, ( )y t) – feasible process { } 0

( ) t

t
y t

=
, ( )y t  < t1, such that

1)(   ttty ∈ ⊆  .

 19 The case limt αM, t = +∞ is unrealistic. From the formal point of view, in the simplest one-
good case economy with production spaces Z(t) ⊆ Z(t + 1) ⊂ R+

2, t = 0, 1, …, it implies that the 

closure cl 2

0

( )
t

Z t R
∞

+
=

 
=  

 


. Then, in the limit, the condition (G2) is violated.

 20 Equivalently: 
1

, ,  t
M

M t Mc q

αα α
e
 ∈  

, where c1 = –c > 0.
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 Theorem 2. If conditions (G1)-(G12) are fulfilled, then for any ε > 0 there 
exists a natural number kε, that the number of periods when (y0, t1, u) – opti-
mal growth process { } 1

0
*( ) t

t
y t

=
 satisfies the condition

 ( )1*( ), td y t ε≥   (14)

does not exceed kε. The number kε is independent of the horizon T length.
Proof. As ( )1( ) ( )t T Z t Z t∀ ∈ ⊆ , so from the definition of the (y0, t1, u) – opti-
mal growth process, following (4), (6), we get

 + ≤ = … −
11 , 1 1( ), *( 1) ( ), *( ) , 0,1, ,  1M tp t y t α p t y t t t+ ≤ = … −
11 , 1 1( ), *( 1) ( ), *( ) , 0,1, ,  1M tp t y t α p t y t t t ,  (15)

where 1( )p t  = 1. Let us assume that in periods τ1, τ2, …, τk < t1 condition (14) 
is satisfied. Then, under Lemma 2, there exists 

1 1, ,(0, )ε t M tδ α∈  such that

 1 , , 1 1( ), *( 1) ( ) ( ), *( ) , , , ε t k+ ≤ − = …
1 1M tp t y t α δ p t y t t τ τ .  (16)

From (15), (16) we get

0
1 1 , , , 1( ), *( ) ( ),1

1 1 1
( )t k k

M t M t ε tp t y t α α δ p t y−≤ − ,

which, after considering (G9), leads to the following upper limit of production 
efficiency in the last period of horizon T,

 0
1 , , , 1 ,) ( )( ) 1

1 1 1
*( )(t k k

M t M t ε tu y t aα α δ p t y−≤ − , (17)

where a is a positive number. By (G12), a (y0, ( )y t) – feasible process { } 0
( ) t

t
y t

=
 

achieves the multi-lane turnpike in period ( )y t  < t1, s t S t
y t

= ∈
( )( ) ( )y t
( )

, and the 
sequence of output vectors { } 1

0
( ) t

t
y t

=
 ,

 

1θ t= +
, 1

( ), 0,1, ,
( )

( ), 1, ,  
t

M θ

y t t t
y t

σ α s t t t t

 = …
=  = + …

∏



   (18)

σ y t )( ) 0= >(  is a (y0, t1) – feasible growth process. Moreover,

 
θ t= +

( )*( ) ( )   ( ) 0
 

≥ = >  
 

( ) ( )
1

1 1 ,
1

t

M θu y t u y t σ α u s t∏ . (19)
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From (17), (19)

θ t
),   ( ) 0− ≥ >(α α δ p t y σ α u s t

 
  
 = +

, , , 1 ,

1
1

1 1 1

0

1

( ) ( )
t

t k k
M t M t ε t M θa − ∏ ,

is arrived at, that is,

a
≥ ⋅

 
  
 

( )σu s t 
 
 
 

( )
1

1 1

1

1 1

,
, , 1

, ,0
, 1

1

( ),

t

k M t
M t ε t t

tt
M t M t

M t
t

α
α δ

α α
=

=

− ∏

∏α p t y
.

By (G10), (G11)

1 (1 ) 0> − ≥ >

,
1

k min
ε t

max M t
t

ρσcν
ac α

=
∏

,

( )s S t∈

0

0
1

 min ( ) 0,     max , 0min max p
p

c u s c p y
≥
=

= > = > , that is

k ln(1 – νε) ≥ ln C,

where = >

,
1

0min
t

max M t
t

ρσcC
ac α

=
∏

. Thus, since 0 < 1 – νε < 1, we obtain

ln
ln(1 )ε

Ck A
ν

≤ =
−

.

It is enough to assume that kε is the smallest positive integer greater than 
max{01 A}.

 
If it is assumed that in the (y0, t1, u) – optimal growth process { } 1

0
*( ) t

t
y t

=
 

the initial output vector y0 is positive, then condition (G12) in Theorem 2 is 
redundant.21

 21 It is easy to demonstrate that in an economy with a positive initial production vector there 
a (y0, ( )y t) – feasible growth process of the form (18) exists leading to a turnpike already in the first 
period (for ( )y t  = 1).
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6. One special case

While proving the ‘weak’ multi-lane turnpike theorem the assumption of the 
existence of a feasible path from the initial y0 to the multi-lane turnpike 

1
1

0

t
t t

t =

=


  plays 
an important role. It may, of course, occur that there an optimal process exists 
which, in some period ( )y t  < t1, leads to the multi-lane turnpike, 1*( )   tty t ∈ ⊆  . 
In Theorem 3 such a process is considered, but condition (G9)(2i) is strength-
ened to

(G9)(2i’)  ( )1 10    (1) ( ) ( ),na t s S u s a p t s+∃ > ∀ ∀ ∈ ≤ . Moreover, if 1*( )   tty t ∈ ⊆ 

1*( )   tty t ∈ ⊆    
in period ( )y t  < t1, then 1( *) ( ), *u s a p t s=  where 

*( ) ( )* (1)s s S S= = ∈ ⊂
* )(ty

n
+

*( )y tt t .22

The proof of Theorem 3 becomes more transparent when the following facts 

are considered. Suppose 
,

1

,

Γ

t

Mθ
θ

t t
M t

α

α
==
∏

 and for t > t
_

:

,
1

,
,

Γ

t

Mθ
θ t

t t t t
M t

α

α
= +

−=
∏

.

As αM, t + 1 ≥ αM, t (see (2)), we get:

 1, ,Γ Γ 0t tt t+ ≥ > ,  (20a)

 , 1,Γ Γ 0t tt t+≥ >   (20b)

and

 ≥ ≥,1 Γ Γt t t.  (20c)

 Proposition 1. ∀ < + ∞∃ ≥ >  limΓ 0ρ,t tt
t .

Proof. The sequence , 1{Γ  }t tt t
∞
= + is monotone (non-increasing) and bounded 

(see (20b)), so it has a limit. By (20c) and (G11) the assertion.  

 22 The condition states that the linear form generated by vector p = ap
_

(t1) not only limits  the 
utility from above but it also determines the plane tangent to the graph of the utility function 
along a single-lane turnpike (von Neumann ray) { } 1

* * | 0   tt
sN λs λ > ∈ .
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 Proposition 2.

 δ t t t δ∀ ∈ ∃ < +∞∀ ≥ ≥ −ˆ,
ˆ(0,1)     (lim Γ 1 )t tt

.23  (21)

Proof. In accordance with this paper’s notation the following is arrived at

,
,

,

Γ Γ Γ
t

M t
t t t t

M t

α
α

 
 = ⋅ ⋅
 
 

(t > t
_

). The sequences 1 1{Γ } ,  {Γ }t t t t
∞ ∞
= =  converge to the same limit

Γ limΓ 0= = ≥ >lim t tt t
c ρ ,

The sequence , 1{Γ }t t t t
∞
= +  is non-increasing and its limit is

= ≥ >,limΓ 0ttt tc ρ

(see Proposition 1). Let ,
,

,

,  
t

tM
t

M
t

t

α
φ t

α
t

 
 = >
 
 

. Then

 t t ,  (0 1)t t∀ ∀ > < ≤t φ .  (22)

Suppose that

)1tc δ∃ ∈ ∀ ∃ ≥ = < −,(0,1)  lim Γ( t tt
δ t tt .

Then

1 1  lim 1
 

∀ ∃ ≥ = > >  − 
, 1tt t

t

t t t φ
c δ

,

which contradicts (22) and completes the proof.  
The following proposition is a simple consequence of Proposition 2 and 

monotonicity of the sequence {Γ }∞, 1t t t t= + .

 Proposition 3. ˆ,(0,1)    ( t tδ t t t t δ∀ ∈ ∃ < +∞∀ > ≥ ≥ −ˆ Γ 1 ).
 

 23 As time unfolds (t
_

 → +∞) the differences among growth rates achieved on the multi-lane 
turnpike decrease asymptotically to 0, in spite of the fact that the growth rates may increase as-
ymptotically. In the economy considered the condition is satisfied if, for instance, αM, t = ecq tαM > 0, 
c < 0, q ∈ (0, 1); see note 19.
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 Theorem 3. Suppose the Gale economy satisfies conditions (G1)-(G8), (G9)
(i), (2i’), (3i), (G10), (G11). Then for any ε > 0 a positive integer t

_
 exists such 

that, if (y0, t1, u) – optimal growth process { } 1

0
*( ) t

t
y t

=
 reaches the multi-lane 

turnpike 
1

1

0

t
t t

t =

=


  in period ( )y t  ≥ t
_

 (( )y t  < t1),

y*(( )y t) ∈ 
1

1

0

t
t t

t =

=


 ,

then

( )( )1
1{ 1, , 1} *( ),  tt t t d y t ε∀ ∈ + … − < .

Proof. If (y0, t1, u) – optimal growth process { } 1

0
*( ) t

t
y t

=
reaches the multi-lane 

turnpike 
1

1

0

t
t t

t =

=


  in period ( )y t  < t1, then the process { } 1

0
ˆ( ) t

t
y t

=
,

σ α s t t t*( ), 1, ,
= +

,

* ( ), 0, 1  ,   ,
( ) t

M θ

y t t t
y t

 = …
=  = + … ∏

1θ t
1t

( *( ) 0, *( ) ( )σ y t s t S t= > = ∈
*( )
*( )

y t
y t

) is (y0, t1) – feasible24, and therefore

 
1θ t= +

≥ = >*( ) ( ) )  ( 0σ α u s t1 1 , 1

 
  
 

)( ) ( ) (
1

*
t

M θu y t u y t ∏ . (23)

On the other hand each (y0, t1, u) – optimal growth process satisfies condi-
tion (15), which leads to

 p p1

11 1 , 1( ), ( ) ), *(* ( )t t
M tt y t σα t s t−≤ .  (24)

Let us fix any ε > 0. Contrary to the assertion, assume that for some 
τ ∈ {( )y t  + 1, …, t1 – 1} it holds

( )1*( ), td y τ ε≥ .

According to Lemma 2 there exists 
1 1, ,(0, )ε t M tδ α∈  such that

p
1 1 1 11 , , 1 , , 1, *( 1) ( ) , *(( ) ( ) () ( ) , *( ))M t ε t M t ε tt y τ α δ t y τ σ α st τp p δ+ ≤ − = − . (25)

From (24), (25)

p t1

1 1 1

1
1 1 , , , 1( ) *( ) ( ) ( ) (, * ),t

M t M t ε t
tt y t σα α δ t sp− −≤ − ,

 24 It is an equivalent of the (y0, t1) – feasible process { } 1

0
( ) t

t
y t

=
  defined by formula (18).
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is obtained and hence, due to (G9)(2i’),

ε t M t M t ε t( ) ( )1 1

1 1 1 1 1 1

1 1
1 , , , 1 , , ,,*( ) ( ) ( ) *( ) *( ) ( )t tt t

M t M tu y t σaα p tα δ t s σα α tδ u s− − − −≤ − = −

 ε t M t M t ε t( ) ( )1 1

1 1 1 1 1 1

1 1
1 , , , 1 , , ,,*( ) ( ) ( ) *( ) *( ) ( )t tt t

M t M tu y t σaα p tα δ t s σα α tδ u s− − − −≤ − = − .  (26)

By combining (23) and (26)

\ ( ), , , ,
1

*()   ) 0ε t M θσα α δ u s t σ α u s t
= +

 
− ≥ >  

 
∏( )

1
1

1 1 1

1( ) *(
t

t t
M t M t

θ t

− − ,

is obtained, that is,

 
θ t= +1 0≥ >

 
  
 

1

1

1

1 1 1

, ,
1

, , ,( )

t

M t M θ

t t
M t ε t M t
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, where αM is the limit of the monotonic (non-decreas-

ing) sequence , 1{ }M t tα ∞
= :

 M t M t M t M∀ ≥ > = < +∞, 1 , ,( 0) and lim
t

t α α α α+   (28)

(see (13)). Suppose t
_

 is a time period satisfying (21) and corresponding to δ, 
and t t≥ .25 Then from (27), according to Proposition 3 inequality is obtained:

1 1 1

1

, , ,Γ 1 1ε t ε t
t t

M t M

α δ δ
δ

α α
≥ ≥ − > −

1

,
,

M t − ,

that is

1 1

1

, ,

,

1 1ε t ε t

M t M

δ δ
α α

− > − .

The condition is met only if 
1,M M tα α<  but this contradicts (28). The con-

tradiction is a result of assuming that ( )1*( ), td y τ ε≥  is satisfied for at least 
one τ ∈ {( )y t  + 1, …, t1 – 1}. The proof is completed.
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 25 Period t
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 is dependent on ε, since, according to (21), it depends on the number 1,0,  ε t
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Conclusions

The theorem locates itself between the ‘strong’ and ‘very strong’ versions of 
turnpike theorems in a non-stationary Gale economy with multi-lane turnpike. 
Similar or approximate results can be achieved in the case of at least two other 
input-output models of economic dynamics, these are the von Neumann and 
Leontief models. This indicates a possibility for further study.26 The possible 
weakening of (G11) is an open question.
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