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Almost “very strong” multilane turnpike effect in
a non-stationary Gale economy with a temporary
von Neumann equilibrium and price constraints'

Emil Panek®

Abstract: Mathematical models of economic dynamics and growth are usually ex-
pressed in terms of differential equations/inclusions (in the case of continuous time)
or difference equations/inclusions (if discrete time is assumed).’ This class of models
includes von Neumann-Leontief-Gale type dynamic input-output models to which the
paper refers. The paper focuses on the turnpike stability of optimal growth processes
in a Gale non-stationary economy with discrete time in the neighbourhood of von
Neumann dynamic equilibrium states (so-called growth equilibrium). The paper refers
to Panek (2019, 2020) and shows an intermediate result between the strong and very
strong turnpike theorem in the non-stationary Gale economy with changing technology
assuming that the prices of temporary equilibrium in such an economy (so-called von
Neumann prices) do not change rapidly. The aim of the paper is to bring mathemati-
cal proof that the introduction of these assumptions making the model more realistic
does not change its asymptotic (turnpike-like) properties.

Keywords: non-stationary Gale economy, temporary von Neumann equilibrium, mul-
tilane production turnpike.
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Introduction

In the paper Panek (2018) three theorems about turnpikes® in the non-station-
ary Gale economy with a technological limit are presented, where a single pro-
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? See e.g. Acemoglu (2009), Deng, Fujio, and Khan (2019), Galor (2010), Guzowska (2018),
Makarov, Rubinov (1977), McKenzie (2005), Mitra and Nishimura (2009), Panek (2003), Zalai
(2004).

4 Weak”, »strong” and ,,very strong”. The basic of turnpike theory and its main theorems
can be found in Makarov and Rubinov (1977), McKenzie (2005), Nikaido (1968), Panek (2003).
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duction turnpike was replaced with a bundle of turnpikes (so-called multilane
turnpike). In the proofs the assumption that a production technology available
in the economy at period will be available also in the next period was used. This
assumption may be justified in short time intervals but it is difficult to explain
in longer term. Such a condition does not have to be met in the growth model
presented in Panek (2019, 2020). In the first article a non-stationary economy
with changing technology and increasing production efficiency over time is
dealt with and in the second the proof of a “weak” multiline turnpike theorem
in the Gale economy with changing technology and monotonically changing
prices is presented.

The main result of this work is a quasi “very strong” turnpike theorem (Th. 3)
in which, based on the idea contained in Panek (2014), it is assumed that among
assumptions analogous to Panek (2020) an extra (rather weak) condition is
satisfied: in long periods (horizons of the economy) temporary von Neumann
equilibrium prices have restricted dynamics (they do not change rapidly) in
the final phase of growth.

The rest of the paper is as follows. In Section 1 a non-stationary Gale-type
model of the economy, multilane production turnpike and a temporary von
Neumann equilibrium is presented. In Section 2 feasible and stationary growth
processes are defined. The main result of Section 3 is a proof of a quasi “very
strong” turnpike theorem (Th. 3). The paper closes with conclusions.

1. The model. multilane turnpike and temporary von
Neumann equilibrium®

Let n denote a number of goods in the economy. Time t is discrete, £ =0, 1, ... .
Let x(t) = (x,(#), ..., x () denote a non-negative vector of goods consumed
during period ¢ (vector of consumption or inputs). Let y(¢) = (y,(1), ..., y (1))
denote a non-negative vector of goods produced in this period from the in-
puts x(¢) (outputs or production vector). If from the inputs x(¢) one can pro-
duce y(), then an ordered pair (x(¢), y(t)) determines a technologically admis-
sible production process in time £.° A non-empty set Z(t) = R>" of all techno-
logically admissible production processes in period ¢ is called a production
space (technological set) in period t. Written as (x, y) € Z(t) (or equivalently
(x(1), y(1)) € Z(t)) if in the period t one can produce from the inputs x = x(¢)
a production vector y = y(t). Sets Z(t), t =0, 1, ... , are called Gale production
spaces if they satisfy the following conditions:

> The model described below is related to Panek (2020).

® By R’" a non-negative orthant of an 2x-dimensional vector space is denoted, R*" = {z €
R¥|z=0}.1fx, y € R", then x = y means that Vi(x, > y). Notation x > y is equivalent to x > y and
X#Y.
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(G1) V(x', y") € Z() V(% ) € Z(t) V A, A, 2 0 (x, ') + A, (%, 7)€ Z(1))
(proportionality of input/output and additivity of production).

(G2) V(x,y) € Z(t) (x=0=y=0)

(“no cornucopia” condition).

(G3) V(x,y) € Z(1) Va' 2 xV 0 < y' S y (%' y) € Z(1)

(possibility of wasting inputs and / or outputs).

(G4) Sets Z(t) are closed in R?".

Gale’s production spaces are convex cones and are closed in R*" with verti-
ces in the origin of the coordinate system. The cone can change in time in ac-
cordance with changes in production technology of the economy. All Gale’s
production spaces share the property such that if in certain period ¢ there is
(x, ¥) € Z(t) and x = 0, then y = 0. The rest of the article is concerned with in
the non-zero production processes (x, y) € Z(t)\{0}, £ =0, 1, ... A number

a(x, y) = max{ajax < y}

is called the technological efficiency rate of the process (x, y). Under condi-
tions (G1)-(G4), function «a(-) is positively homogenous of degree zero on a
set Z\{0} and

EI(%,?)EZ(t)\{O}(oc(J?,)_/): max }(x(x,y)z ocM,tZOJ.

(x,9)eZ(t\{0

Cf. Takayama (1985, Th. 6.A.1 - replace Z(t) with T'and ocM’twith ). A pro-
cess (3?,7) = (E(t),y(t)) is called an optimal production process and «,, , an
optimal efficiency rate in the the non-stationary Gale economy in period t. In
each moment of time the optimal production process is determined by a mul-
tiplication by a positive constant (up to the structure):

VA > 0(a(X(0),7(0) = «(AF(),17(0) = ., 20).
To exclude the uninteresting and unrealistic case «,, , = 0 it is assumed that

(G5) vtVid(x',y') e Z(t)\{0}(y; >0)
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(it is possible to produce any good in the economy at any moment of time).”
Indeed, let us fix a moment ¢t. Let (xi(t), yi(t)) e Z(t)\{0} denote an admissi-
ble production process, such that yf(t) >0,i=1,..., n. Due to (G1) the process

(x(, (1)) = X+ (01, ) < 2O ().

is admissible and y(t) > 0, so a(x(¢), y(¢)) > 0. Hence,

ay = max a(x, y)>¢x(x(t) y(t))

(x,y) e Z(1)\{0}

The set
Z,,(t)= {(E,?) eZO\{O}Ha(x,y)=a,,, >0}

is an collection of all optimal production processes in the non-stationary Gale
economy in the period t. Sets Zapt(t) c Z(H)\{0},t=0,1, ..., are cones contained

in Rf"\{O}, with no element at 0. If(f(t)j(t)) €Z,, (t), then a vector s(t) = ”yg;”

characterizes the structure of production in the optimal process (E(l‘),y(t)).8
Condition (E(t)j(t)) S Zupt(t) combined with (G3) implies that:

(R0, 7)) € 2, () and (7(0),a,, 7)) € Z,, (D).

If the conditions (G1)-(G5) hold then sets

S(t)—{s(t)H(x(t) y(t))eZopt(t)[s(t) ”; Et;”} £=0,1,...,

consisting of production structure vectors in all optimal processes for each
particular time period t > 0 are compact and convex; Panek (2016, Th. 2; un-
der substitution: S(¢) in place of S). A ray

={As|]A >0} R,

7 In the proof of a “quasi very strong” turnpike theorem (theorem 3) only a weaker assump-
tion is necessary: every good can be produced from a particular period of time 7 > 0.

8 n
ita & K then o] = 3o - (uau e II“"]'
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where s = s(t) € S(t), is called a single turnpike (von Neumann’s ray) in the
non-stationary Gale economy at period ¢. A set

= J N ={xs|A>0,se80)}

seS(t)

is called a multiline turnpike in the non-stationary Gale economy at period t.
Multiline turnpikes N* in all periods > 0 are convex cones contained in R”,
without the zero vector. If in a certain process (x, y) € Z(t)\{0} at period t he

x . .
inputs ” ” or outputs structure - deviate from the turnpike structure, then

||y||
the technological efficiency of such a process is smaller than optimal:

eS(t)v eS(t):oc(x,y)<aM,t.9 (1)

Let p(t) = (pl(t),. . .,pn(t)) >0 denote the price vector of goods produced at
period t. Formula < p(t), x(t)> = Zn: p,(t)x,(t) denotes the amount of expenditures
< p(t), y(t)> = Zn: p,(t)y,(t) and di;lotes the amount of production in the process
(x(t),y(t)) e El(t) \{0}. A ratio

(p0.y®) _

A1) 1)) = (p(0,x(0))

(< p(t),x(t)> #0) is called the economic efficiency rate of the process ((x(t), y(t))
with prices p(1)).

[0 Theorem 1. Assume that conditions (G1)-(G5) are satisfied. Then for each ¢
a price vector exists p(t) 2 0, such that

V(x,y) e Z0)((P(1).y) <@, (1))

Proof. Cf. Panek (2020, Th. 1). [ ]
It follows from the definition of the optimal production process that:

V(X0 7(0)) € Z,, ()« ZO\O}| a(Z(1),7(1) = max  a=a, >0,

(x,y) € Z(t)\{0}

° Panek (2018, Lemma 1).
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e V(X(0),7(1) € Z,,,(0) «,, FE) < F(1)), thus:
(p(1),y() = a,, , (P(1),X(1)) 20.

Hence according to theorem 1 the result is:
(B.7®) <, , (5O, FD),
and finally:
¥(2(0,7(0) € Z,,(O((p1), 7(0)) = e, (), %(1)) 2 0). 2)

Itis assumed that the economy cannot reach a maximal economic efficiency
if it does not have maximal technological efficiency:

(G6)

Vt20V(x,y)e Z(t)\{O}[oc(x,y) <a, ,=0 Sﬁ(x,y,f(t)) = <1_)(t),y> <aM,tJ.

(p(6),x)

This is a realistic assumption. The following theorem is a consequence of
the discussion above.
O Theorem 2. If conditions (G1)-(G6) hold, then

ViV(X,y) e Zopt(t) c Z(t)\{0}:
a, X<, 3)
vt3p(t) >0
¥(x,y) € ZOVOH(B1), y) <@, (B(0).x)), (4)
and V1 V(%,7) € Z,,,(1):
(p(t),7)>0. (5)

Proof. Condition (3) follows directly from the definition of the optimal pro-
duction (x,y) € Z,,(t)c Z()\{0}. Condition (4) is a consequence of theorem 1.
To prove condition (5) any optimal process are considered (x,y)e Z_ (). It

follows from (2) that v

(p.7) ey, (p.X)20,
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and the definition of an optimal process implies:

Elk(a(f,)_/) = min% = % =ay > OJ,

X; Xy

hence V,>0.Letx=Xx + &, where &= (0, ..., 1, ..., 0) is a n-dimensional vec-
tor with k-th coordinate equal to 1. Since (X,y) e Z,,(t)c Z(t)\{0}, the pair
(%, ) € Z(t)\{0} is an admissible process at period ¢ (which follows from (3)),
but is not optimal because a(X, y) < a,, . (G6) implies:

B(%7.p())<a, (6)

Suppose that <1_)(t),7> =0, then p,(t)=0, hence <1_>,5c> = <§,3?>. Moreover
conditions (2) and (3) imply that <§,7c> =0 and:

- Py _(Py)_0
Xy, p)=7= =T =
AP (5.8 (57) o
which contradicts (6) and concludes the proof. |

Theorem 1 implies that (assuming <1_)(t),x(t)> #0):

v (x(t),y(1)) e Z(t)\{0}(ﬁ(x(t),y(t),§(t)) =%s aM,t],

i.e. the economic efficiency of any production process at period never exceeds
the optimal technological production efficiency which (at that period) the
economy can reach. On the other hand theorem 2 implies

VeV (x(1),5(t) e Z, (1)

opt

_ p(t),y(t _
/3(’_“”’?(”’1"”)2%=<x,y€225;\mf(x’%1?<”)=
=a(x(1),y(t))=a,, >0. (7)

It can be stated a triple {ocM,t,(a_c(t),y(t)), ﬁ(t)} which satisfies (3)-(5) de-
fines a temporary von Neumann equilibrium at period . Prices p(t) are called
(temporary) equilibrium prices. In a Gale economy which satisfies condi-
tions (G1)-(G6) the temporary equilibrium always exists at each period t. It
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consists of a triple {(xM,t,(JT(t)j(t)), ﬁ(t)} with the optimal technological ef-
ficiency rate «,, , equilibrium prices p(¢) and any optimal production process
(X0, 7)) € Z,,,(1).°

Production processes (x, y) € Z(t)\{0} as well as inputs x and/or outputs y,
on a multiline turnpike N in the Gale economy are well-defined up to struc-
ture (multiplication by a positive constant). That provides a way to define an
(angular) measure of distance of the input vector x from the turnpike N’

X x'
ol ]

[0 Lemma 1. Assume that conditions (G1)-(G6) hold, then

d(x,N') = inf M (8)

x'eN’

Ve>0Vt2034,, € (0, a, ) V(x, y)Z(t)\{0}:
d(x,N)=e = (p(t),y)— (o, , =0, )(P(t),x) <0.

Proof is similar to the proof of lemma 2 in Panek (2019; under the substitu-
tion of N, 8, p(¢) in place of N, 4, , , p(t,)."” u

The lemma implies for any period t that if the inputs structure in an admis-
sible process (x, y) = (x(t), y(t)) € Z(¢)\{0} differs by ¢ > 0 (in the sense of metric

(8)) from the turnpike structure, then the economic efficiency of such a process

is lower than maximum (which equals a, ; cf. (7)) by at least §, , € (0, a,, ):
— o (p®).y)
x) > (t) = —_ S (44 _6£ +
ﬁ( y.p ) <p(t),x> M.t .

Conditions (1) and (G6) imply that at any period the following implica-
tion holds:

xt)gN' v y(t) gN' = a(x(t),y(t)) <y, = ﬁ(x(t),y(t),f(t)) =

_{(p0oy0)
(p)x(r)y ™"

' In the temporary von Neumann equilibrium at period t. the economic efficiency matches
the technological efficiency at the maximal level which is possible to reach by the economy at
that period. Prices and optimal production processes in the von Neumann equilibrium are well-
defined up to structure.

' A distance of the production vector y from the multiline turnpike is analogously defined.

12 This is a variant of the lemma of Radner (1961) adjusted to the specifics of a non-station-
ary Gale economy.
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equivalently:
B(x(),7(1),p())=at,, , = a(X(1),¥(t)) =, , = %(t) eN' A J(t) eN.

The conclusion can be drawn that at each period the non-stationary Gale
economy satisfying conditions (G1)-(G6) reaches its maximal (economic, tech-
nological) efficiency only on the turnpike N'.

Lemma 1 plays a key role in the proof of the almost “very strong” turnpike
theorem (theorem 3). However the condition (G6) does not exclude the fol-
lowing implausible scenario: economic efficiency of a certain process (x(t), y(t))
grows with time t — +oo, reaching the maximum in the limit despite the fact
that the inputs structure deviates from the turnpike structure by a positive
constant ¢ > 0 which is independent of time. The following condition will ex-
clude such a situation:"

&t

(G7) Ve>03v, >0Vt >y,

aM,t

2. Dynamics. Feasible and stationary growth processes

T={0,1,...,t} denotes an interesting fixed horizon of an economy ¢, < +oo. It
is assumed that the economy is closed, i.e. the expenditures x(f + 1) incurred
in that period stems from the production y(t) generated in the previous peri-
od: x(t+ 1) = y(),t=0, 1, ..., t, - 1. It follows from the condition (G3) that:

(), y(t+1)) € Z(t+1), t=0,1,...,t -1 (9)

The initial state of the economy (initial production vector) is fixed at pe-
riod t=0

$(0) =y°20. (10)

Every sequence of production vectors { y(t)} which satisfies conditions
(9)-(10) is called a (y°, t ,) — feasible growth process (production trajectory) in
the non-stationary Gale economy with a multiline turnpike and Varylng tech-
nology. With all the accepted assumptions such processes exist V)" > 0 V¢, <
+oo. It is assumed that a sequence of optimal production sets {Z (t)} satls-
fies the following conditions for ¢ > 0:

' This condition excludes (from the geometric point of view) a specific shape of the produc-
tion space Z(t) which otherwise for t — +oo could “expand” in the neighbourhood of the bundle
of optimal processes which generate the multiline turnpike.
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(G8)  I®(),FO) Vte{f, T+1,... 1 }((FO),7(t) € Z,, (1) A
AVEE{E,T+1, .t~ 1} (R +1) = (1))

O Lemma 2. In the Gale economy with conditions (G1)-(G8) a sequence of
production vectors { y(t)} _» distinguished in (G8), satisfies:

(7). 7(t+1)) e Z(t+1), t=F, T +1,..,t, =1L, y(t) =

:[ﬁ%ejym,t:m,...,tl. ay

0=t +1

Proof. Since (y_c(t)j(t)) €Z, (1), then a), x(t) < y(t) and (under (G3))

opt
(%), 0, 7)€ 2,0, t=F,F+1...1,

According to (G8) the outputs match the inputs x(t+1)=y(t) hence
(7(t),y(t + 1)) IS Zopt(t +1), where:

yt+)=a, , y@), t=t,t+1,..,1.

The latter condition is equivalent to (11). |
A sequence of production vectors (11) has a constant structure:

vt T+ 0l 2= IO sy,
o g7

and defines a (£, t,) - stationary growth process. All production vectors (ele-
ments of the sequence) belong to the turnpike (to a single von Neumann ray) N:

F(t)eN ={AS[A>0}}eN', t=F,7T+1..,t,

If the trajectory { y(t)} _is a stationary process of type (11), then every tra-
jectory {)Ly(t)} »A>0is of the same type. All those vectors belong to the turn-
pike N.. This partlcular single turnpike which starts at period ¢ and extends
to the horizon T is called the peak turnpike (peak von Neumann ray) in the
non-stationary Gale economy. On the peak turnpike N’ the economy (start-
ing at period ¢ ) reaches the highest growth rate and maximal technological
and economic production efficiency."

'* Among other single turnpikes which determine a multilane turnpike N', they could ex-
ist in the horizon T as well as in shorter periods. In none, except for the peak turnpike N, does
there exist a guaranteed and permanent, maximal growth rate or highest possible production
efficiency.
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3. Optimal growth processes. Turnpike effect

The solution of the following target growth problem is of interest':

max<§(t1),y(t1)>
under conditions (9)-(10) (12)

(given y°).

This problem has a solutlon under assumptions (G1)-(G8) denoted by
{ y (t)} and called a ( ¥yt plt )) - optimal growth process. Its relationships
with a multilane turnpike in the spec1al case, when the ( ¥yt plt )) - optimal
growth process at period f {t t+1,. 1} reaches the peak turnpike N:
is described in the following theorem.
B Theorem 3. The horizon T'= {0, 1, ..., t,} (£, < +0) and a number ¢ > 0 are
fixed. Let { ¥ (t)} denote an ( yo,tl,f(tl)) — optimal growth process which at
period t {t t +1 - 1} satisfy a condition:

y*(f)e N??.

Under the conditions (G1)-(G8), if the von Neumann prices are non-in-
creasing at the periods t =1, +1,..., t,'%

p+1)Sp@t), t=t,f+L...,t -1, (13)

and satisfy the condition'”:
(p@)s) 1
<
<p(t1),s> 1-v,

1> Task of maximization of the value of production measured in von Neumann prices at the
target period ¢, of the horizon T.

! Von Neumann prices are determined up to structure so to fulfill that condition it is enough
to guarantee that at the periods t = 7, f +1, ..., , the prices p(t) are positive. It is easy to show
that under the conditions (G1)-(G8) this is true. Suppose not, then 3t3i e {1, . n}(ﬁi(t) = 0).
Hence 3(X(t),7(t)) € Z,, (0= ZO\o})(7(t) =a,, K1) and B(F(0),7(),p(1) = e, >0. Let

, (14)

X(t)=%x(t)+e, where ¢ = (0, ..., 1, ..., 0) is an n-dimensional vector with a 1 on the i-th posi-
tion. Thus (fc(t),y(t)) IS Z(t)\{O} and oc(a?(t),)_/(t)) <a,, . Hence under (G6)):
B(x(), 7). p(t)) < a,,

On the other hand, the definition of 3(-) (since p(¢) = 0) implies:
(p.70) _(p®1.70) _
(p),x(1) (p).x®) ™

The contradiction proves that p(£) > 0.
17 Starting with the period until the end of horizon the prices do not change rapidly.

B(x(6),7(1), B(1)) =
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then:
Vte{ZJrl, - tl—l}(d(y*(t),N”1)<s).

Proof. Every ( ¥ ¢, plt, )) - optimal growth process satisfies the condition (4),
hence:

(PU+D,y*t+D) <y, (PE+1), y* (1), t=0,1,..,1 -1,
In particular for ¢ =, - 1 there is:
(P, y* ) <ay, (PE).y*(t,-D),
and further because of the monotonicity of the prices (10),

(p(t).y* () Sy, (P, y* (=D))< @y (Pt =1, y* (1, - 1)) <
< Ear, 1%, <F(t1 _1)’)/ ¥ (tl _2)>'

That leads to the inequality:
tl v v tl -V —
(ﬁ(tl),y*(t1)>$[HocM,tj<ﬁ(t),y*(t)>=U(HaM,tj@(t),S>, (15)
t=t+1 t=f+1
where 0 = H y*(t )ﬂ‘ > 0; 5 isa vector of production structure on the peak turnpike

NZ, which is reached at period t = £ by the ( Yt ]_J(tl)) optimal growth process.
Assume that at certain period t' € {t + 1, ..., t, - 1}:

d(y*(t'), NM)Z e

Then due to lemma 1,

(P41, y (£ 1)) <y 10, =0, o, )(BE+D, 7% (), (16)

whered, ., € (0, ®pp i ) Jointly (15), (16) provide an upper boundary for the
production generated in the optimal process at the final period of the horizon T:

Py @) <ofay,., =5, .., HM (pn5).  an
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Since the ( Yt Pt )) - optimal growth process at period t = t reaches
the peak turnpike y*(f) € N, the following sequence of production vectors

SLO/n

y*(t), t=0,1,....f
y(t) = d .
4 o [Teows |5 t=t+1L...1,
O=f+1

determines an (y’, t,) - an feasible process.'® The inequality:

(p(t), y*))=(p(t), 7(t,))
and (17) imply:

o( @01 =0, HocM, (p(),5)20 HocM, (p(t).5)>0

That proves (under (G7), (13), (14)) the inequalities:

L @ _(PO5) 1

< < —2~r< :
l_ve “M,t’ﬂ_(se,t’ﬂ <p(t1)’5> 1—1/5

The contradiction proves the claim. [ |

Conclusions

The theorem 3 remains valid when one replaces problem (12) with the following

max u (y(t‘l ))
under conditions (9)-(10) (12"
(given y°).

In problem (12') the production utility of the output generated at the final
period of the horizon T is maximised, where u: R'— Ri is a continuous, con-
cave, positively homogenous of degree 1 utility function which satisfies the
following condition':

'8 Tt is obtained by fusmg the initial part (for t =0, 1, ., ) of the optlmal production tra-
jectory { y (t)} witha (£, t |)- stationary trajectory of type (1) (for t=£f +1,..., ¢ -

1 The condition says that the utility function can be approximated from above by a linear
form with the coefficient vector, tangent to the utility function along the top turnpike.
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(G9) da>0Vse Sf(l)(u(s) < a<1_7(t1), s>) and (on the peak turnpike N;):
u(s)=a(p(i),5).

It remains an interesting research objective to study the stability of optimal
growth processes in the non-stationary Gale economy with a multilane turn-
pike without condition (G8). The case of a non-stationary Gale economy with
a single turnpike was discussed partially in the papers Panek (2015a, b).
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