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Introduction

In multiproduct models of Gale economic dynamics, which are in the focus
of interest of the turnpike theory, the productive potential of an economy is
embodied in what are called production spaces (technology sets; the basics
of the turnpike theory are explained, e.g., in: Makarov and Rubinov (1977),
McKenzie (2005), Mitra and Nishimura (2009), Nikaido (1968, chapt. 4),
Takayama (1985, chapters 6, 7). In the stationary models, they are constant
in time, whereas in the non-stationary ones their shape is changing, though
these changes are exogenous in nature. It is assumed that changes in technol-
ogy determining the dynamics of the production spaces do not require any
investments, they are God’s/nature’s gift of sorts and humans have no impact
on the direction of these changes. In contrast, the article by Panek (2022) pre-
sents a model of the Gale economy in which the dynamics of the production
spaces is determined by the investments undertaken for this purpose. It has
been proven that in this type of economy the optimal growth processes “al-
most always” (always, except for a certain limited number of periods of time,
independent of the length of the economy horizon) remain in any neighbour-
hood of the multilane turnpike. In the classical literature, these theorems are
known as the so-called “turnpike theorems” (cf. Makarov & Rubinov, 1977,
chapter 4, th. 13.3; Nikaido, 1968, chapter, 4, th. 13.8; Panek, 2000, chapter 5,
th. 5.8, 2016, 2017), see also e.g. (Babaei, 2020; Babaei et al., 2020; Cartigny
& Venditti, 1994; Dai & Shen, 2013; Giorgi & Zuccotti, 2016; Heiland & Zuazua,
2021; Jensen, 2012; Khan & Piazza, 2011; Majumdar, 2009; McKenzie, 1976,
1998; Sakamoto et al., 2019; Zaslavski, 2015). This article makes a direct ref-
erence to the above-mentioned work by Panek (2022). It presents some evi-
dence for the “very strong” theorem about the multilane turnpike in a non-
stationary Gale economy with investments and technology convergent to
a certain limit. The theorem asserts that if during its optimal growth process
an economy reaches a multilane turnpike, it remains there from that time,
possibly except for the last period of its analysed time horizon. Both the Gale
model of a non-stationary economy with investments and the proof of the
“very strong” turnpike theorem in such a model are novel.

The structure of the paper is as follows: In Section 1 a model of the Gale-
-type economy with investments and limit technology is presented. The mul-
tilane production turnpike and optimal stationary growth process (production
trajectory) are defined in Section 2. The conditions under which the optimal
von Neumann equilibrium state exists in such an economy are presented in
Section 3. The main result, i.e. proof of the “very strong” turnpike theoremin
the Gale-type economy with investments and limit technology is in Section 4.
The paper ends with conclusions and final remarks, which indicate possible
directions of further research.
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1. The model

The model we use is presented in detail in Panek (2022). An economy is
considered in which time is discrete, £ = 0, 1, ... Let x(t) = (x,(?), ..., x (£)) =2 0
denote the n-dimensional vector of the goods consumed during period ¢, and
let y(t) = y,(1), ..., y (1)) = 0 denote the n-dimensional vector of the goods
produced in this period; if a, b € R”, then the inequality a = b means that
Vi(a.2b), whereas a > b meansthata = banda #b.

Vectors x(t), y(t) are called the vector of inputs and the vector of outputs,
respectively. If, in time period ¢, the x(f) input allows the output y(f) to be
obtained, then the pair (x(t), y(f)) describes a technologically feasible pro-
duction process (in period t). The set of all the technologically feasible pro-
cesses in period t is referred to as Z(t). The notation (x, y) € Z(t) (or (x(%),
¥(t)) € Z(1)) states that in period ¢ outputs y can be produced from inputs x
with the technology available in the economy. The production spaces Z(t), t
=0, 1, ... are assumed to satisfy the following conditions:

(G1) V(hyh), (&%) € Z(t) VA, A, = 0 (A (xS ) + A( 1) € Z(1)

(inputs/outputs proportionality condition and additivity of production pro-
cesses).

(G2) V(x,y) e Z(t) (x=0=y=0)
(“no cornucopia” condition).
(63) V(x.y) e Z(f) Vx' 2 x Vy' < y((x,y') € Z(1)
(a possibility of wasting inputs and/or outputs).
(G4) Production space Z(t) is a closed subset of w R*".

Production spaces Z(t), satisfying conditions (G1)—(G4), are referred to as
Gale spaces. In accordance with (G1) and (G4), every Gale production space
is a convex, closed cone in Rf" with a vertex at 0. In compliance with (G2), if
(%, y) € Z(t) and (x, y) # 0, then x = 0. We consider only nonzero (nontrivial)
production processes (x, y) € Z(t)\{0}.

The production technology in the economy in period ¢t + 1 will depend on
the production technology in period t, as well as the investments i(t) = (i (t),
...» i (£)) Z 0 undertaken in period ¢ but effective in the next period, as a re-
sult of the production carried out in period t:
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0= i(t) = y() (1)

(for the sake of simplicity,we assume the annual investments cycle).

Let U(Rf”) denote the family of Gale production spaces (convex cones
closed in Rf”, satisfying conditions (G1)—(G4)). The dynamics of the technol-
ogy is described by the recursive equation:

Z(t+1) =F,_ (Z(1),i(t)) (2)

in which the multifunction fulfils the following conditions:
(F1) VtVZe o(RM)(F(Z,0)=Z)
(F2) VtVZe G(Rf”) Vit > iZ(Ft(Z, i) o F(Z, i)
(F3) VtVvZ,Z e a(Rf”) Vi>0Z' o722 => Ft(Zl, D Ft(ZZ, i)

Their interpretation is presented in the article by Panek (2022). The econ-
omy is closed in the sense that the inputs x(¢ + 1) (incurred in period ¢ + 1)
may be derived exclusively from the outputs y() (generated in the previous
period reduced by the investments i(f):

x(t+1) = y(1) - i(t)

Hence, taking into account (G3), we obtain the following condition:

O(0) - (1), y(t+1)) € Z(t+1) (3)

The production space Z(0) and also the initial production vector y(0) are
given:

Z2(0)=Z" =R, (0) =y’ >0 (4)

The triple sequences {y(t)}7,, {i(t)}7, and {Z(#)}, satisfying conditions
(1)—(4) are said to be (Z°, y°, =) — feasible growth process in the Gale econ-
omy with investments. The {y(1)}7", sequence is referred to as ()°, ) — fea-
sible production trajectory, the {i(t)}‘;‘;0 sequence — the investments trajec-
tory (corresponding to ()°, =) — feasible production trajectory). The {2},
sequence describes (Z°, ) — feasible sequence of production spaces in the

Gale economy with investments.
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Consider any production process (x, y) € Z(t)\{0}. The number:
a(x, y) = max{alox = y}

is called the technological efficiency rate of the process (x, y). Function
a: Rf” - R+1 is a positively homogeneous function of degree 0 on Rf”\{O} and
(with assumptions (G1)—(G4)):

Vt3(x,7) e Z(t)\ {0}(a(7c, y)=

max
(x,y)eZ(t)\{0}

ax,y)=a, , > Oj

Panek (2022, th. 1). If oc(f(t) 7(t)) = a,, , then the process (E(t),?(t)) is
called the optimal production process and number ¢, ,—the optimal techno-
logical efficiency rate in period ¢ in the Gale economy W|th production space
Z(t). Since the production spaces in (Z°, y°, ) — feasible growth processes
satisfy condition Z(t + 1) o Z(t), thefore:

Vi(a

Mtl

2 0)

So as to exclude the unrealistic case of, on the one hand, zero optimal
technological production efficiency in any period of time ¢, and, on the oth-
er, growth that is unlimited/infinite in time in technological production effi-
ciency, it is assumed that:

(F4) (i) a,,>0
(ii) There is a convex closed set Z Ri”, which contains all the sets
(cones) Z(t) belonging to any of the (Z° o) — sequences of the
production spaces in any (Z°, yo, oo) — feasible growth process.
(iii) Set Zis the smallest set satisfying condition (ii), so if (x, y) € Zand
x=0,theny=0.

Under conditions (F1)—(F4), the set Z is a Gale space (satisfies conditions
(G1)-(G4), Panek (2022, th. 2). It is called a limit production space. Condition
(x, ) € Z means that in light of the limit technology, input x can be used
to obtain production y. If (x, y) € Z\{0}, then number a(x, y) = max{a|ax
< y} is called the technological efficiency rate of the process (x, y) in the
Gale economy with limit technology (the limit production space). Number

a(x,y)=a, = N l‘I)l x a(x y) is called the optimal technological efficiency in

the Gale economy with limit technology With the assumptions made above,
indicator & exists and V#(a, >« . >, > 0).If, then the process (X,y)is
called the optimal production process in the Gale economy with limit tech-
nology.



10 Economics and Business Review, Vol. 9 (4), 2023

2. Multilane production turnpike

Let
:{(E,?)eZ\{OHa(?_@y):“M} i

be a set of all optimal production processes in the Gale economy with lim-
it technology. With the assumptions made, this set is a convex closed cone
in R%", not including 0 and if (%, 7) € Z . then also (¥,a,,X) € Z,,» as well as

y,a,y)e Z - Thevectors = "y” is sald to characterize the production struc-

ture in the optimal process (X,7) € ngt in the Gale economy with limit tech-
nology (more briefly: the optimal production structure). By:

S= s|3(x,y)eZot[s:L]}
{ "U

we denote the set of vectors of the production structure in all the optimal pro-

cesses in the Gale economy with limit technology; if a € R", then ||a|| =

if also a # 0, then i:{

o

(G1), (G3), equivalently S = {s |3(x,y) e Z [s = ﬁ}} The set Sis a nonemp-
X

} It is noticeable that under condltlons

ty under the same assumptions as the set ant and it is convex and compact.
If s € S, then the ray:

= {As|A >0}

is called a von Neumann ray (a single-lane production turnpike) in the Gale
economy with limit technology. The bundle of turnpikes:

N=UN, (={7LS|7L>0,5€S})

seS

is referred to as a multilane production turnpike in the Gale economy with lim-
it technology. The multilane turnpike is a convex cone in Rf”, not including 0.
If, in the process (x y) € Z(t)\{O} or in the limit process (x, y) € Z\{0} the

E

its technological efficiency is lower than the optimal one:

structure of inputs or outputs ” ” is different from that in the turnpike,
y
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((x,y)eZ(t)\{O}v(x,y)eZ\{o})g{ﬁ %SV”—j}/”eS:a(x,y)<aMJ

(Panek, 2022, lemma 1).
Taking the limit space Z and putting it in (2) Z(0) = Z° = Z and i(¢) = 0 for
t=0,1,... we obtain Z(t) = Z = const. If y € N, then also (y, a, ) € Z,,<Z

and (under (G1)) (a, ¥, ocfj) € Zoptc Z, ..., etc. Then the sequence {7(1‘)}:0_0,
where: -

y(t)=al,y, t=0,1,... (5)

defines (¥, «) —feasible production trajectory in the Gale economy with limit
technology, the initial production vector y(0) =¥ € N, investments trajectory
i(H)=0,t=0,1,..., and the sequence of production spaces Z(t) = Z = const,
t=0,1,... On trajectory (5), the economy achieves the maximum production
growth rate o . The structure of production on trajectory (5):

BIONSA
ol bl

is constant in all periods of time t =0, 1, ... The trajectory (5) is called an opti-

=5¢€S

mal stationary production trajectory. If {7(t)}; is an optimal stationary pro-
duction trajectory, then VA > 0 also {Ay(t)}io is an optimal stationary pro-
duction trajectory. If {71(t)};, {72(0}; are optimal stationary production
trajectories, then their sum {?(t)}zo

¥ =y O)+7 (1), t=0,1,.

is also an optimal production trajectory. All of them are located on the multi-
lane turnpike N.

3. Von Neumann equilibrium

Let p = (p,, ..., p,) = 0 denote a vector of prices and (x, y) € Z\{0}. Then
< > Zpy is the production value, and <p, > pr the value of inputs

in the process (%, y) (expressed in prices p). The number

{P.7)

ﬂ(X,)/,P) = <p,x>
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((p, x) # 0) is called the rate of economic efficiency of the process (x, y) (with
prices p). If there prices p = 0 and process (x,y) € Z\{0} exist, such that:

@, X<y (6)
Y(x, y)e Z(p, y<a,,p, X) (7)
p,y>0 (8)

then the triple {aM,(E,y),f)} is called an optimal von Neumann equilibri-
um state in the Gale economy with limit technology. Vector p is called a von
Neumann (equilibrium) price vector. If the conditions (6)—(8) are fulfilled, then:

(P.7) _

<p,)_c> B (xy EZ\{O}

B(x,y,p)= ax f(x,y,p)=a(x,y)=a, >0

therefore, the von Neumann equilibrium is a state of the economy, in which
the economic efficiency equals the technological efficiency (at its highest
possible level). Both the equilibrium prices p and the production processes
(x,) in equilibrium are defined up to the structure (i.e. up to multiplication
by a positive constant). Under (G1)—(G4), (F1)—(F4), as well as under the fol-
lowing condition:

(FG1) V(x,y)e Z\{O}(oc(x,y) <a, = B(x,y,p)< ocM)

the optimal von Neumann equilibrium state exists (Panek, 2022, th. 3).
Condition (FG1) means that in the Gale economy with limit technology a pro-
cess that does not have the highest technological efficiency does not achieve
the highest economic efficiency. Since Vt(Z(t) c Z), this condition also holds
for any other production process (x(t),y(t)) e Z(t)\ {0} admissible in any pe-
riod of time t=0, 1, ...

4. The optimal growth processes. “Very strong”
turnpike theorem

Let us set a time horizon T = {0, 1 . b}, £, < +o0. Sequences of productlon
vectors {y(t)} investments z(t) ) and productlon spaces {Z(t)} satis-
fying condmons (1)—(4), are said to ‘define (Z°%y°, t,) - feasible growth pro-
cess in the Gale economy with investments and limit technology. Sequence
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{ (t)} is called (y,, t,) - feasible production trajectory, sequence {z(t)}
—fea5|ble investments trajectory (corresponding to (°, t ) —feasible produc—
tion trajectory). The sets (cones) Z(0), Z(1), ..., Z(t,) form (Z°, t,) — feasible
sequence of production spaces. Under the conditions assumed, (Zo,yo, t),
the feasible processes Vi, < +oo exist.

Letu:R" > R! be a utility function, defined on the production vectors in
the last period ¢, of horizon T, satisfying the following conditions:

(U1) Functionu:R" - Ri is continuous, positively homogenous of de-
gree 1, concave and increasing.

(U2) Fa>0VyeR! (u(y) Sa<ﬁ,y>) and Vs eS(u(s)=a<ﬁ, s> >O)

Under (U2), the standard utility function (satisfying condition U1)) can be
approximated from above by a linear form with the vector of coefficients ap,
tangential to the graph of u(-) along the multilane turnpike N. The subject of
the paper is the following maximization problem of the target growth (maxi-
mization of the production utility in the final period of the horizon T'):

max u(y(t,))
under conditions (1)—(4) (9)
(space Z° and vector y° - fixed)

(z°, y“, t,) — feasible growth process, a solution to this problem, is called
(Z0 0 , t,) — optimal process. The sequence of the production vectors in
thls process is called (y°, t,) — optimal production trajectory and is denoted

{ (t)} . Corresponding to (y°, t)— optlmal production trajectory, the
sequence of the investments vectors {z*(t)} Y is called the optimal invest-
ments trajectory. {Z*(t)} denotes the sequence of the production spaces
in (2% y° t,) — optimal growth process. In accordance with (2), (4):

Z*(t+1)=FM(Z*(t),i*(t)2, t=0,1,....t, - 1,
Z*(0)=Z

Multifunction F, :0(R?)xR" = o(R?") is assumed to fulfill the following
condition (of semi-continuity):

k h g -1 .
(FG2) If{y (t)}t:O’{I (t)}t {Z (t)} (k=1,2,...,0)issuchasequence
of (2% y°, t,) — feasible growth processes that:

y (t)—>y(t) t=0,1,....t, ik(t)—k>7(t), t=0,1,....t, -1



14 Economics and Business Review, Vol. 9 (4), 2023
(¥(0) = Z2° and:

Z(t)=F/(Z(t-1),7(t-1), t=12,...t,
(Z(0) = 2°), then the triple {F(t)}" , {T(O}", {Z(D)}" is (2°, y°, 1,) — fea-
sible growth process.

Condition (FG2) means that the limit of the sequence (Z°, y°, t,) —feasible
growth processes is also a feasible process, hence, if:

(yk(t—l)—ik(t—l),yk(t))eZk(t), t=1,2,...t,
0<i*(t) Sy (1), t=0,1,....t, -1
Zk(t)th(Zk(t—l),ik(t—l)), t=1,2, ...,
ZK0) = 2% yM0) =y°
the following conditions apply:
vielo 1. tl}(h{nyk(t) = 5(t); 7(0) :yO)
ve{0, 1.t -1 (lim i () =7()
and such a sequence of production spaces {Z(t)}ilzo is created that:
V{01t |(Z(O)=E(Z(t-1),T(t-1)); Z(0)=2")
then:
(F-D)-7(t-1),5(1)eZ(t), t=12,...t,

(where 0S7 (1) Sy(t), t=0,1,....t, -1 Z(0)=Z°, y(0)=y°).

Theorem 1. If conditions (G1)—(G4), (F1)—(F4), as well as (FG1), (FG2) and
(U1), (U2) are satisfied, then problem (9) has a §o|ution, i.e. there exists such
t=

(»°, t,) - optimal production trajectory {y*(t)} , that:

u(y*(t))zu(y(t).

where y(t,) is the vector of the production in period ¢, in any Z°%y°, t) —fea-
sible growth process.
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Proof. Let us introduce the following notation:
R, =%
and for ¢t > 1:
R, = {y = y®13{i(®), " 3{yO)}_ voefo.1,....t-1}(0<i(6) < y(6),
(16)=i0), 10+D) e ZO+1) =F, ,(2(6).1(6)): 7(0)=»". 2(0) = 2")|

R X denotes the set of all the production vectors achieved in the economy in
perlod tin a certain (Zo,y t,) —admissible growth process. It will be demon-
strated that V't < +oo sets R ,are compact (bounded and closed).

The singleton setR , is obV|oust compact. The proof of the compactness
of the Ryo‘t sets for ¢ > 1 will be conducted by means of induction.

(I) The proof that set Ryo’1 is compact is the following.

(Boundedness) Let us assume that the set:

R, ={1310)20(i0) 5", (y* ~i(0).y) e Z) = £, (2°.1(0))
is unbounded. Hence:
3(i) 3 (o <H#(0) Sy &(y°-i(0), ) e 2 (1) =
= 1(Zo,lk(o) cZ; ”y H—k>+oo)
(Z is the limit production space satisfying conditions (G1)—(G4)). If

0 -k k
(Ek’nk): }1——1(0)’)/_
Al
then:
ez 1)
hence:
(e (8 0n o 7e0)
AN !

The limit production space Zis a closed set, so (0, 77) € Z, which contradicts
(G2). Set Ryo . is bounded.
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(Closedness) Let us take the set {y* }e, of vectors y*e Ryo _convergent to y.
Then: ’

3{1’"(0)};(0 <iH(0) <y &(y"-i(0), ) eZk(l)zFl(ZO,ik(O)))

The nonnegative sequence {i"(O)};c is limited, so it includes a convergent
=1
subsequence:

31 (0)} (o <M 0)>T < yo)
=1 J
ki _ ok .
If x7 =y”—i’(0), then:
Vj((xkj’ ykj ) c ij (1)= Fl (ZO, I'kj (O)))
and x” —>x=y"-1i, ykf — . In compliance with (FG2):
J J
) =0"-1,7)eZ1)=F(2’, 1)

therefore 7eRy0 .- Hence, set Ryo . is closed, and since it is also bounded, it
is compact.

(1) Itwill be proved that if sets Ry0 R Ry0 ,are compact, then set Ry0 "
is also compact. ’ ’ ’

1

(Boundedness) Let us assume that Ry0 .., setis unbounded, i.e.:

El{yk}le(yk eRyO, " & y* —k>+oo).

t
Then:

+1

Vkﬂ{ik(e)};zo 3 yk(@)}:0 a{zk(e)}; voe{o1, ., t}(O <i*(0) < 4(0),

(¥(0)-i(8), y*(6+1)) e (0 +1) = F,,,(2"(6),i(8) ) = 2; 2(0) = 2",
PO =y y (t+1) =y i) (10)
Let x* = yk(t) — i*(t). Set Ryo , is compact by assumption, so sequence

{yk(t)}i1 is bounded, and since 0 < i*() < y*(t), sequence {x* ~_, is bound-

ed as well, and

Vk{(xk,yk)z(yk(t)—ik(t),yk(t+1))eZk(t+1)gZ}
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where (remember) Z is the limit production space. Denoting:

PUC BT T

we arrive at a conclusion, like in (1), that:

(E 7,}) H yk yk(t)_ik(t) yk

e (@ ez s s0mez)

where 17 # 0, which is impossible (in contradiction to (G2)). Hence, set is
bounded.

k _ .k _ k - = .
(Closedness) Let y“ =y (t+1)eRy0’ o k=12, —k>y—y(t+1). Since

the sets Ry0 0,...,Ry0 , are compact by assumption, hence v e{o,1,..,1t}

sequences in {ik(ﬁ)}; { (0)} (10) have convergent subsequences:

o) 3 6 (0705 ©)>50)
0<i(0)<5(6),0=0,1,...,t

7(0)=7(0) = y*

In compliance with (FG2):

(7(6)-7(6), 7(6+1)) e Z(0+1)=E, ,(Z(6), 7 (6)), 6 =0, 1,...,t
(Z(0)=Z°7(0) =y°), hence the sequences of the production vectors {(6)}," ,
investment vectors {f(6)};_, as well as the production spaces {Z(G)}t+1 form
(Z°%y° t+ 1) —feasible growth process,i.e.y=y (t+1) e R, - Set R
is bounded and closed in R”, so it is compact. v

Problem (9) is equivalent to the problem of the maximization of the con-
tinuous function u(-) on the compact set R »

t+1

max u(y)
yeRy Y

which, according to the Weierstrass theorem, has a solution. Therefore there
exists (', t ) —optimal production trajectory {y (t)} , the solution to prob-
lem (9). |

The article by Panek (2022) presents a proof of the “weak” turnpike theo—
rem, according to which each (y°, t,) — optimal production trajectory {y (t)}



18 Economics and Business Review, Vol. 9 (4), 2023

always, except for a limited number of time periods, independent of the hori-
zon length T, remains in an arbitrarily close neighbourhood of the multilane
turnpike N. Let us now study the properties of (y°, t,) — optimal production
trajectory, which in a certain period tv<t1 reaches the multilane turnpike N,
i.e. when:

(FG3) Htv<t1(oc(y*(tv—l),y*(f))=aM)

(equivalently: 3f < t, (a(y *(f —1),y*(f)) =a, & i*(f)= 0)
Lemma 1. Under condition (FG3) then there exists a (Z°, y°, t,) — feasible
growth processes {j/(t)}i'zo, {f(t)} ,{Z(t)}

t,-1 t
=0 t=

of the following form:
0

. y* (), £=0,1,...,1
n={" ", ; 1
) {a;;fy*(t), t=f+1,..,1, (11a)

. i*(@t), t=0,1,....i—1
o-{

, (11b)
03 t:t,...,tl—l

. Z*(t), t=0,1,...,f
Z(t)= . y (11c)
Z*X(t), t=t+1,...,t

(Z(0) = Z° and y(0) = y°)

Proof. By the definition of (Z°, y°, t,) — optimal growth process we have:
y*(0)=y%2*(0)=2°

( (t=1)=i*(t-1),y* (1) € Z* (1)
ZH(0)=F(Z*(t-1),i*(t- 1),
0 i*(t-1)Sy*(t-1)
t=1,2, ..t
Especially, (y*(f —1)—i*(f —1),y*(f)) e Z*(f) and then (according to (G3)):

(y*-1,y*()ez @)

and (as per (FG3)):

@,y *(E=1) S y* (D)
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That is y*(f—l) giy*(f), therefore (against (G3)):
a

(v, ayy*()ez* @)

_ Condition i(f):i(f%—l)z...:i(t1 —1)=0 indicates
Zt)=2*(f)cZ, t=t+1,..., t,, and hence (according to (G1)):

(2, (@), a0 y* (D)) e Z(E+1)=2*(t) c Z

(f“ O aly (D)e2t)=2()cz
or otherwise, equivalently:

(Ft-1.30))eZt)=2*()cz, t=f, {+1,..,t

1

where
F(t)=d), y*({)eN
Then the production trajectory (11a) together with the corresponding
investment trajectory (11b) and the sequence of production spaces (11c)
form(Z0 0 t) — feasible growth processes. In this process, the economy,
from perlod f to the end of horizon T, remains on the turnpike. |

Let d(x, N) denote the following measure of the (angular) distance between
vector x € R"\{0} and the multilane turnpike N:

x x

d(x, N) = inf (12)

Drawing on the example of Radner lemma (1961), it can be proved that
under conditions (G1)—(G4), (F1)—(F4) and (FG1):

Ve>038 €(0,a,,)V(x,y) e Z\{O}(d(x, N)2e= B(x,y,p)=

_{py)
_<1_7,x>saM_6£ (13)

Panek (2022), lemma 2. In accordance with (13), if in a production process

X

(x, y) € Z\{0} the structure of inputs differs from the turnpike structure
fJ\Clency of such a process is lower than

x
| - by at least ¢ > 0, the economic e
X

the optimal one by at least §, > 0. Since:
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Vt(Z(t) gZ) (14)

the characteristic (13) also refers to any production process
(x(0), (1)) e Z(\ {0}, t=0,1,....¢,.

Theorem 2. Under conditions (G1)—(G4), (F1)—(F4), (U1), (U2) and (FG1)—(FG3):
Vte{f, f+1,..., t —1}(y*(t)eN)

Proof. The definition of the (3°, t,) —optimal production trajectory {y*(t)}
in compliance with (3), (7) (under (14)) leads to the condition:

tl
t=0"

(Boy*t+D)<a, (By*()=i* (1), t=0,1,...,1-1
therefore, in particular:

(Boy* )<, (Boy*(t,~D)=i*(t,~1)) <o (P, y* (t, -2)) -
_“L@’i*(tl —2)>—aM <13,i*(t1 —1)>s---

t,—1

<oy (B (D) - Yk, (Bi*(t, k) (15)

k=

—

If in a certain period t' e {f +1, ..., t —1}

y(t)eN
then
EIe>0(d(y*(t'),N)2£) (16)
Indeed, let us assume a contrario that:
f() N) = inf 122 Yl
WOt y'H_O
, ) .y
and s*(t') = ) —r, ' =p—r. Then:
PG T
inf L(t)_y_‘ =inf s*(t')—s'”:O
VeENly*()  y|| ses

which, in the view of the compactness of set S and continuity of the norm
||| means that s *(¢') = i.e. y*(¢') € N, contrary to the assumption. Hence,
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if y*(t') ¢ N, the condition (16) applies, so (under (13)) there is such a num-
ber §_> 0 that:

(Boy* (' +1)) < (e, =8)(Poy*(t)-i*(t"))
Combining this condition with (15) leads to:
Py @) <ay ™ (a, =3Py (D)= X k=1, (pi*(t,~k))-
k#t -t
(e, =3)""" (P i* (1))
That is, in particular<1_),y*(t1)>s aj;f’l(aM —8£)<1_7,y*(f)> and hence (un-
der (U2)):

u(y*(tl))Saoc;jfffl(aM—58)<ﬁ,y*(f)> oaa;; i (a,, —5£)<§,5*> (17)
y*(

1
\y (f) ly=d

)
The production trajectory{ } in the form (11) is (y°, t ) —feasible, so:

(1)) =u(ay; (D)

\_/

where s* = >0, o= >0

u(y(t,))2u
and, in according to (U1), (U2):

u(y*(tl))Zafu(y*(f)) Uaa u(s*) Uaa <1_7,s*>>0 (18)

Conditions (17), (18) lead to the inequality:

aaj\;{*l (e, —58)<1_), s *> Zaaa;‘{; <1_7, s *> >0

which means that 55 = 0. The obtained contradiction concludes the proof.
|
According to the theorem, if i inan optimal growth process the production
trajectory {y (t)} in a period t<t reaches the multilane turnpike , then,
regardless of the Iength of horizon T it remains on it from then on, except
for possibly one (the last) period t,. As in the non-stationary Gale economy
without investments (with the exogenous technological progress), also now,
in the Gale economy with investments, the multilane turnpike is a specific
“express road”, which is approached (in accordance with the “weak” turnpike
theorem), or reached (in the light of the “very strong” turnpike theorem) by
all the optimal production trajectories. On the multilane turnpike, the econo-
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my develops at a maximum rate, at the same time remaining in the Neumann
equilibrium of growth. It is not difficult to notice that in the special case when
the solution to the problem (9) is unequivocal, then under the assumptions
of theorem 2, the (y°, t,) — optimal production trajectory {y*(t)}iio remains
on the turnpike in all periods of the horizon T starting from the period ¢ (in-

cluding in the end period £,):

Viefi+l,.., t}(y*()eN).

Conclusions

In mathematical economics, there are a number of “turnpike theorems”
proved mainly on the basis of multiproduct von Neumann-Leontief-Gale-
type models of economic dynamics. According to these theorems, all opti-
mal paths of economic growth over a long period of time converge to a cer-
tain path (turnpike), in which the economy achieves the highest growth
rate while remaining in a specific dynamic (von Neumann) equilibrium.
In the standard model of the Gale economy, it is assumed (in the station-
ary version) that the production technology does not change over time
or (in the non-stationary version) that its changes are exogenous. This
is, of course, a great simplification. The main result of the paper is the
construction of the Gale-type economy model with investments and the proof
of the ,very strong” turnpike theorem in such an economy. The work refers
to the article by Panek (2022) and shows that the inclusion of the investment
mechanism in the Gale economy does not deprive it of fundamental asymp-
totic/turnpike properties.

While the concept of the non-stationary nature of the economy (the vola-
tility of the technology) complies with the real processes, the hypothesis of
the existence of a limit technology may raise some doubts, or at least is dif-
ficult to verify. It gives rise to a new direction for research into the course of
the optimal growth processes in the non-stationary Gale economy with invest-
ments, the multilane turnpike, and with the increasing production efficiency,
but without the assumption about the existence of a limit technology. The
findings of the similar research into the non-stationary Gale economy with-
out the investment mechanism are presented in Panek (2019a,c, 2020a,b),
among other works.

A weakness of this model is its disregard for the depreciation of capital. In
its present form, the only result of the suspension of investments is that in the
next period ¢ + 1 the production technology remains stable, Z(t + 1) = Z(¢).
An interesting research challenge will be tracing the turnpike qualities of the
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optimal growth processes in the Gale economy, where the suspension of in-
vestments leads to the reduction in its production capability. This requires
including in the model both net investments (multiplying the production capi-
tal), and the restitution investments (recovering the used production capital).

What remains to be studied is the turnpike effect in the Gale economy with
investments, as well as the discounted utility in specific periods of horizon T
(not just in its last period ¢)). In the classic version of the economic dynamics
of the Gale type with limit technology (without the investments mechanism),
the results were presented in the study by Panek (2019b), among other stud-
ies. What is also probably true is the “strong” version of theorem of the mul-
tilane turnpike in the Gale economy with investments, which is similar to the
one presented in theorem 3 in the study by Panek (2018). The verification of
this hypothesis requires further research.
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